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PREFACE. 



In offering the present work to public notice^ the 
Author feels compelled to acknowledge the obliga- 
tion under which he lies, for the assistance of several 
of his friends in the University. In particular, he 
takes the opportunity of publicly returning thanks 
to Mr. Stephenson, Fellow of St. John's College, for 
many valuable papers in Plane Trigonometry. In 
the chapter on Multiple Arcs, considerable extracts 
have been made from Poinsot's Sections Angulaires. 
The matter, however, has been modified, so as to be 
more easily understood by the beginner, and some 
of the proofs have been considerably simplified. 
An article on' Trigonometry, in the Encyclopaedia 
Metropolitana, (written by Professor Airy,) con- 
tains many theorems of the greatest practical 
utility : the Author has been considerably assisted 
by the chapter on Geodetic Operations, in that 
article. 



VI PREFACE. 

Several errors of the press have been overlooked ; 
but^ as the Author was absent from Cambridge 
during the time of printings he is happy to find that, 
from the attention of the Printer^ they are neither 
so many, nor so important, as might have been ex- 
pected. 



Liverpool, 
lat January f 1831. 



CONTENTS. 



PART I. 
PLANE TRIGONOMETRY. 



SECTION I. 

ON ANGLES AND TRIGONOMETRIC FUNCTIONS. 
ART. PAGE. 

1 — 7. The circumference of a circle =: 2 irr; the area 

= irr^ 3 

8 — 15. On the division of the right angle 4 

16 — 18. The angle at the centre of a circle = . —7: — • 7 

IT radius 

19—28. Definitions, &c 8 

24 — 35. Fornnilae to different radii, &c 11 

36—59. (Sina)a+(co8 a)«=l, tana == ?^, cot a = ^i? 

cosa sin a ,. 

1 1 • ^^ 

(sec a)*— (tanaV^l, sec a^ , cos a =: 

cosa cosa 

40 — 48. On the changes of sign and magnitude of the tri- 
gonometric functions 17 

44— 45. Sina=sin (w— a)=— sin (w+a)= — sin (2w— a). 20 

46 — 49. Cosa= — cos(w — a) =— cos(w+a)=cos(2w — a)., 21 

50. Sin a = hP cosf-± a j = ± cos (— ± a ].. 22 

51. Cos a = sin f- ± a J = — sin f — ± a ) ih. 



Vlll CONTENTS. 

58—53. Sin a = ± sin (8 t t±o) = + sin J(2 t+I) T±a\ 23 

= ± cos 1(4 i± 1) ^ ±aj = ±cos K* '+3) J ± aj ifi. 

54— 56. Coaa=co3 (2tir±a)= -cos (2t+]) n-±aj .... ifc. 

Cosa=sin K4' + ")J±a| = -sinK4<'+8)|±a| it. 

57—53. Sin 45" = cos 46" = ^, ain 30» = J 84 

SECTION ir. 



64—63. Sin (,a±fi) = sin a. cos /3 ±: cos a. Bin ,3 99 

66—- 69. Cob (a±/3) = cob a. cos /J ± Bin a. sin /3 SO 

^"^'^^-fm^, "• 



c.,(,±ffi = - ■£'""■ ;°,7 .». 



1-1-coto^^^^ 

.ta±cot/3 

70—89. Formulffi for double arcs 81 

90—92. Sinna=38in(n-l)a.co8a-sin(n-2)a 88 

93— 96.-Co8na = ScosCn-O^-coso-coaCn-S) a 39 

97 — 103. On the corresponding increments of arcs, and their 

trigonometric functions 40 

104 — lOT.Formulw for the semi sums, and semi differences 



SECTION I!I. 



} for solving triangles 



CONTENTS. IX 

ART. *'AOB 

1S7 — 1 S9. On apparent imperfections in the tables 52 

130 — 139. Method of solving right-angled triangles 54 

140—15^. Method of solving oblique-angled triangles 57 

SECTION IV. 

ON MULTIPLE ARCS. 

153 — 155. If 2 cos a = «+-, 2 \/^ sin a = « 64 

156 — 158. 2 cos — a=zxn -] — ~, 2 y^ — 1 sm - o =x«— — 65 

159 — 164. (Coso±i/— 1 sina)»=cos - a ± V— 1 sin -a 67 

n n 

Cos ma = (cos a)"* T, sin m a = (cos a)"* T' .... 68 
165 — ^174. Developement of sin a, and cos a, in powers of a 69 

175 — 180. To find the n values of [cos a ± y' — 1 sin a] * 73 
181 — 184. Expansion of «"• ± 1, and x'**— 2«'*cos a -f- 1 

into their quadratic factors i 77 

185 — 186. Expansion of cosine and sine of — (2 t ir ± a) in 

n 

powers of cos a, and tan a 81 

187 — 190. Particular cases of the above 83 

191 — 192. 2**"' (cos a)**= cos ma -|- m cos (to — 2) a + . . , 

, 5_, 1. 3. 5 . . . (to-1) 
+ 2« ^ ^^ 

1 2 *{ - ®7 

2 

1 93. Similar expansion of 2"^* (sin a)"* 89 

m m 

1 94 — 202. Similar expansions of (2 cos a) « and (2 sin a) » . . 91 
203—204. Expansion of[x+j^/(a^-iyfk and [\^ (I — x^) 

-|-ary' — l] », according to powers of jr 95 

205. Expansion of cos m a, according to the ascending 

powers of cos a • 97 

206, Similar expansion of sin f?i a 98 



Xll CONTENTS. 



SECTION II. 

ON 8FHERICAL TRIANGLES. 
ART. PAGB 

28 — 33. Limits to the magnitude of the sides of spherical 

triangles and polygons 187 

34f— 42. Properties of the polar triangle 1 89 

43 — 49. Limits to the magnitudes of the angles of spherical 

polygons ; 1 98 

50 — 58, On the areas of spherical triangles and polygons. • 195 

SECTION m. 

ON THE INVESTIGATION OF SUCH EQUATiSnS AND PROPERTIES AS ARE 
NECESSARY FOR THE SOLUTION OF SPHERICAL TRIANGLES. 

^^ Sin A sin B sin C 

59— 60. -: = -r—r. = —. — 200 

. sm a sm p sm y 

61 — 63, To find the cosine of the angles in terms of the 

cosines and sines of the sides 201 

64 — 85. Various properties of spherical triangles 208 

SECTION IV. 

ON THE APPLICATION OF THE EQUATIONS ESTABLISHED IN THE PRECEDING 
SECTION TO THE SOLUTION OF SPHERICAL TRIANGLES. 

86. On the solution of right-angled spherical triangles . 216 

87 — 93. Napier s Circular Parts, and their application .... 217 

94. On quadrantal triangles 223 

95. On oblique-angled triangles , 224 

96 — 99. Given three sides 225 

100 — 102. Given three angles , 227 

108 — 105. Given two sides, and included angle 230 

106 — 107. Given two angles, and included «ide 234 

108 — 110, Given two sides, and opposite angle 237 

1 1 1 — 1 1 3. Given two angles, and opposite side 240 



r-. 



CONTENTS. Xlll 

SECTION V. 

ON THE REMARKABLE REPRESENTATIONS OF THE SPHERICAL EXCESS, 

AND OTHER INTERESTING PROBLEMS. 
ART. PAGE 

114—119. The theorems of Cagnoli, De Gua, and Lhuillier, 

/or the spherical excess 242 

120 — 123. On small circles inscribing and circumscribing 

spherical triangles • • • 247 

124 — 129. Various problems 251 

SECTION VI. 

ON THE MEASURING OF SOLID ANGLES. 

130 — 131 . The method of finding solid angles 256 

132. Examples 257 



* 



SECTION VII. 

ON THE SMALL CORRESPONDING VARIATIONS OF THE PARTS Ot A 
• TRIANGLE. 

133 — 140. On the corresponding small variations of the ele- 
ments of spherical triangles 260 

141 — 151. Application to right and oblique angled triangles. . 265 

SECTION VIII. 

ON GEODETIC OPERATIONS. 

152 — 154. The object of Geodetic operations 272 

155 — 156. Formulae for triangles with sides small compared 

with the radius of the sphere 273 

158 — 159. To find when the errors of observation produce the 

least effect 275 

160. Formulae for finding the horizontal angle from 

given altitudes and angular distance ^77 



XIV CONTENTS. 

AaT. PAGE 

161. Legendre^s af^roximation S78 

162 — 167 To solve a triangle when the sides are small com- 
pared with the radius of the sphere .* 279 

168. To reduce the spherical excess from feet to 

seconds « 284 

SECTION IX. 

ON REGULAR POLYHEDRONS, &C. 

169 — 173. Equations involving the number of faces, edges, 

solid angles, sides in a face, and number of plane 
angles containing a solid angle in regular polyhe- 
drons 285 

174 — 1 75. There can be only five regular polyhedrons 288 

1 76—1 78. On the inclination of the sides 289 

179 — 182. On the radii of the spheres inscribing and circum- 
scribing regular polyhedrons 292' 

183—184. Content of regular polyhedrons 295 

185 — 195. Limits to the number of elements of polyhedrons . 296 
Note. The number of conditions necessary to determine 

any polyhedron 302 

196. To find the perpendicular altitude of a parallelo- 

piped 303 

197 — 203. To find the surface, content, and diagonal, of a pa- 

rallelopiped 305 



APPENDIX. 

1-— 2. On the nature of Logarithms 309 

3. On the Napierien and Briggean Logarithms • 310 

4 — 10. Properties of Logarithms 311 

1 1 . Peculiar advantages of the Decimal » 312 

12 — 16. To express th« Logarithm in terms of the number. . 318 



CONTENTS. Xy 

17 — 19. To express the number in terms of the Logarithm. • dl4 

20 — 25, Series for calculating Logarithms S\5 

26 — 27. To find the arithmetic value of the modulus, and to 

construct a table of the Decimal Logarithms • • 317 
28 — 31. Nature and use of the tables of parts proportional. . 319 

32 — 37. On the tables of logarithmic sines, &c 322 

38 — 42. Formulae for finding accurately the angle when very 

small, and its logarithmic trigonometric functions 326 
43-Tr44. Example of the solution of a cubic equation ..•••• 328 






/ 

/ 






^</ 



A SYSTEM 



OF 



PLANE AND SPHERICAL TRIGONOMETRY. 



PART I. 

PLANE TRIGONOMETRY. 



SECTION I. 

ON ANGLES AND THEIR TRIGONOMETRIC FUNCTIONS. 

1. Lemma. The circumferences of circles are to one an- 
other as the radii. 

Let ABC and A'KC^ be two circles, of which the radii 
are r and /. 

Place them so that their centres may coincide at O; draw two 
radii cutting the circles in A, P, A', F ; from P, F draw PN, 
FN' perpendiculars to O A ; and from A, A' draw AT, A'T 
at right angles to AO, meeting OP, OF produced in T, T ; 
therefore the four triangles TAO, TA'O, PNO, FN'O, have 
each a right angle, and the angle at O common, therefore the 
remaining angles are equal, and the triangles are similar : 

B 
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Now 



And 



circumference ABC 



arc AP 



. ^ . , ^ 1 = 1 — T7\ ' (Euc. VI. 33.) 

■ tour right angles angle at O ' 

circumference A'B'C arc A'P 



four right angles 
circumference ABC 



circumference A'B'C 



angle at O ' 
arc AP 
arcA'F ' 



this will remain true, whatever be the magnitude of the angle 

AT 

at Q ; let it then be diminished without limit, and =— , which 

AO 

by similar triangles is equal to =^-^, in the vanishing state, be- 
comes .^-p^, or 1 ; that is, in this state AT coincides with PN. 

But it is evident, that AP is not greater than AT, and not 
less than PN ; hence, in the vanishing state, it coincides with 
either of them. Similarly A'P coincides either with A'T or 

FN: 



/.in the vanishing state 



AP 
A'F 



AT 



AT 



_ AO _ r 1 /^/ 
"■ A^ ~ "7^^ A^T 



. circumference ABC r ,>.•*• c 

. . -r---^ 7! A y-p/^/ = — 7 ; or the circumferences or 

circumierence A i5 C r 

circles are to one another as the radii. 



2. CoR. 1. From this proposition it appears, that in the 
circle, 

circumference 



diameter 



a constant number. 



"■■ ■ !■ ■■"> ^^^mmmmmmmmmmmmmmmmmmmmmmm'^^^ 



PLANE TRIGONOMETRY. 3 

This number cannot be expressed in finite terms^ but an 
approximation to it of any degree of accuracy may be made. 
(Peacock's Examples on the DifF. Cal. Chap. VIII.) It is al- 
ways called TTj and to twelve places of decimals 

X = 3.141592653590. 



3. CoR. 2. Since ^^^^^"^^''^"^^ = ., 

2 r 

.*. circumference = 27r r. 



4. Cor. 3. When r = 1, 

circumference = 2 t. 

. 5. Lemma. The area of a circle = ^ (radiits), {circum- 
ference. 

For area ABC _ Sector AOP ^g^^ yj gg \ 

circumference ABC "" are AP 

. area ABC _ sector AOP 

J r. (circumference ABC) ~ i r. (arc AP) ' 

and this ratio will be true, whatever be the magnitude of the 
angle at O : let it be diminished without limit ; then AP coin- 
cides with AT, and the sector AOP becomes = triangle AOT 
= i. AO. AT = i r. (arc AP) ; 

/. area of the circle ABC = ^r. (circumference ABC.) 

6. CoR. 1. The area of a circle = ^ r. (circumference.) 

= i r. 2 TT r, 

7. .CoR. 2. When radius = 1, area = tt. 
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ON THE DIVISION OF AN ANGLE INTO DEGREES, MlNtrTES, 

SECONDS, &C. 



" 't. 



- - ~i- r 

S. (I.) The sexagesimal divigion. V 

In this division a right angle is divided with 90 equal angles, 
each of which is called a degree and is taken for tlie angular 
unit. A degree is again divided into 60 equal angles, each of 
these is called a minute, A miimte is ^us subdivided in 60 
seconds; ^a second into 60 thirds, and so on. Degrees, 
minutes and seconds are thus denoted. 

23° 27' 34'' W 7%f 
That is, 23 degrees, 27 minutes, 34 secondly 14 thirds^ and 7 
fourths. TRiirds and fourths, however, are seldom found, as 
mathematicians find it more convenient to use in their place 
their value expressed in decimal parts of a 8ec(»id. 

By this division four right angles, or the whole angular 
space about a point, is divided into 360 degrees. 

9. (II). The decimal division. 

An attempt has been made by some foreign mathematicians 
to supersede this by another division of angles more con- 
venient for the established decimal scale of numeration. They 
have divided a right angle into 100 equal parts, or angular 
units, and each of them has been called a grade ; each grade 
has been divided into 100 minutes, each minute into 100 
seconds, and so on : thus, 

32 grad&, 14 minutes, 6 seconds, are written, 

32^ 14^ &\ 
Hence all arithmetic operations would be performed with much 
less labour, than in the old division. But the apparent ad- 
vantages of the alteration have not been sufficient to induce 
many to undergo the inconvenience of so great a deviation 
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from the common dmnoo ; and, on this account, tlie attempt 
wiU most probably prove entirely unsuccessful. 

10. Since, however, several scientific works were printed 
according to this new scale, formulae are necessary for convert- 
ing degrees, minutes, &c. of one division into the correspond- 
ing degrees, minutes, &c. of the other. 

Let E = the number of degrees, &c. in any angle 

and F = grades, &c. in the same angle. 

Then^ ^ce « right angle contains 90 English, and 100 foreign 
degrees, 

^= 90 _ 9^ 

Fi' 100 "^ 10' 

E^^ ^ 60 _^ 6^ 

F 100' loo "^ 10* 10' 

P^~ 10* Vioj' 

?!!= ^ fly 

F"^~ 10* VIOJ ' 
Sec. = &c. 

11. Cor. E-?F^ = F._5,andF. = l<>E° 



10 10' 9 

12. Ex. 1. Convert 67° 10" 26* 47" 45'" 36^ into degrees, 
minutes, &c. of the decimal notation. 

First, reduce the minutes, &c. to the decimal of a degree, 
Bi the fidlowing maimar : 

60)36^ 

60) 45'". 6 

60) 47^'. 76 

60) 2&. 796 

60 ) Iff. 4466 

67°. 1741 1 =67° 10' 26" 47'" 45'" 36". 
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Hence 12^ = ^ ^ ^'^'' 17411=74°. 6379, 

/. F^ = 74^" 63' 79'^ the answer required. 

13. Ex. 2. Convert 32^ 14' 6"' into common degrees. 
Here F^ = 32^ 14' 16" = 325^. 146, 

/. 1^ = 3^. 2146, 
10 

/. F^ - ?^ = 28^. 9314 

/. E**= 28**. 9314, the answer required, or if the 
decimal be reduced into minutes, &c. thus, 

9314 

60 

53. 884 

60 



53^ 04 
60 

21". 4 
60 



24'*^, which gives 53 53' 2'"24'^ 
/. E° = 28° 53 53" 2f" 2^\ 

14. Another emendation of the established division of 
angles has been proposed. The object of which is to preserve 
the division of a right angle into 90°, but to abolish the sexa- 
gesimal division into minutes, seconds, &c. and to express an- 
gles in degrees and decimals of a degree : or, which is the 
same thing, to call the two first figures after the decimal point 
minutes, the two next seconds, and so on. This would agree 
with the decimal scale of numeration; and, since the new 
minutes, seconds, &c. would be less than the old, in the ratio 
of 6 to 10, & to 10*, &c. it would require fewer figures in the 
new, than in the old, to express an angle to the same degree 
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of accuracy. If some accurate tables were printed, with this 
alteration, there is every reason to suppose, that it would soon 
be generally adopted ; for the saving of arithmetic labour would 
be great, and as the old degrees would be preserved, there 
would not be that abrupt change, which has proved fatal to 
the general adoption of the foreign division. 

15. Some mathematicians, in their algebraical calculations, 
with a view to simplify trigonometric formulae, use aright angle 
for the angular unit, and therefore write down as the value 
of any other angle the ratio which it bears to a right angle. 



16. Prop, ^a be an arc of a circle, of which the radius is 

1 orvo / 

r, subtending an angle A at the centre, A = 



ir r 



p^^ A _ four right angles g^^ yj 33^ 
a circumierence 



.•.A = 



§^. (art. 3.) 
z IT r 

180° a' 



17. CoR. 1. A a — . Hence the fraction — ?££ is taken 

r radius 

as the measure of the angle which is subtended at the centre. 
If a be the value of d when r = a linear unit = 1, A = 

a; and a,or the arc it&Qlf measures the angle : thui^ tt,-, - 

y ~, and ~ measure respectively, 180°, 90°, 60°, 45°, 36° 
and 30°. 

18. Cor. 2. By making d = r, it follows, that the angle 
which is subtended by an arc equal to the radius of the circle 
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= 180^ 

= 57°. 29577 
= 57° 17' 44*. 772 
= 206264*. 772 
= 639. 66197. 



19. Cor. 3. A= 1^. l' = 1^ . a 



. a' 
• • — = a 

r 

. . a =: a r. 



Def. I. The complement of an arc is that arc subtracted 
from a quadrant. 

Def. II. The complement of an angle is that angle sub- 
tracted from a right angle. 

Def. III. The supplement of an arc is that arc sub- 
tracted from a semicircle. 

Def. IV. The supplement of an angle is that angle sub- 
tracted from two right angles. 

20. Cor. Hence in a right angled triangle the acute angles 
are complements of each other ; and in any triangle one of the 
angles is the supplement of the sum of the other two. (Euc. 
I. 32.) 

21. Definitions of the Trigonometric Functions of an arc. 

Dsf« y. The sine of an arc is the right line drawn fyom 



^^y^^^^^^mmm^^mmmmm^^im^mmm^mt^m^^^ 
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0oe extpemity of the arc perpendicularly to the diameter pass- 
ing through the other extremity. 

Dep. VI. The cosine of an arc is the sine of the comple- 
ment of that arc. 

Dbf. VII. The tangent of an arc is the right line drawn 
from one extremity of the arc touching the circle, and ter- 
minated by the radius produced through the other extremity. 

Def. VIII. The cotangent of an arc is the tangent of the 
c(»a|4ement of diat arc^ 

Def. IX. The secant of an arc is the line drawn from the 
c^tre through ono extremity of the arc, and terminated by the 
tangent to the other extremity* 

Def. X. The cosecant of an arc is the secant of the coni- 
plement of that arc. 

Def. XI. The versed sine of an arc is the part of the dia- 
meter intercepted between one extremity of the arc, and the 
foot of the sine drawn from the other extremity. 

Def. XII. The chord of an arc is the line joining the ex- 
tremities of an arc. 

Besides these, there are two more trigonometric functions, 
which are useful in logarithmic calculations, viz. the coversed 
sine, and the suversed sine of an arc. 

Def. XIII. . The coversed sine of an arc is the versed sine 
of the complement of that arc. 
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Dep. XIV. The suversed sine of an arc is the versed 
sine of the supplement of that arc. 

22. To illusftrate these definitions, take O the centre of the 
circle AP a. 




Let the radii OA, Oa, be at right angles to each other, and 
therefore APa a quadrant. From P any point in the circirai- 
ference, draw PN, Pw, perpendiculars to OA, Oa ; therefore 
(Euc. I. 34.) PN = On, and Pw = ON. From A and a 
draw AT, at, at right angles to OA, Oa, and therefore touch- 
ing the circle: join OP, and produce it to meet AT, at in T 
and t ; join also AP : then. 

Pa is the complement of the arc AP, 

PN .... sine, 

ON = Pn cosine. 



AT. . 


. . tangent. 


at . . 


. . cotangent, 


OT. . 


. . secant. 


O^ . . 


. . cosecant. 


AN. . 


. . versed sine. 


an . . 


. . coversed sine. 


AP. . 


. . chord. 



23. The words sine, cosine, &c. are thus abbreviated, sin, 
cos, &c. and the letter^ is used as a general symbol for any of 
the trigonometric functions : thus / a means the sine of a, or 
the cosine, or the tangent, or any other trigonometric function 
of a. 
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24. iy o and a be arcs of circles to radii 1, and r subtend- 
ing the same angle at the centre, 

r 
Construct the figure as in (art. 1.), job AP, A' F, let AO 
= 1, and A'O = r: let AP = a, therefore A'F = a'. 




A . . . , 

And by sinular triangles ; 
PN _ FN' 
PO~ 
AT _ A'T 

OA 'sau 

NO _ N'O 
AO ~ A'O' 

• 1 NO _ , NO 

• SO-^~5^' 

,/lkT/ 



• o;« sin a 

FO' •.«!«„ = __ 

, . . tan a = 



Or AN_A'N . „„^ versa 

°' 50-5^' .. versa = 



AP A'F . , , 



r 
chord a 



AO A70 r 

The same is /. true for the complements of a and a : hence, 
sin (comp. of «) = sin (comp. of g^) ^ 



cos a 



.'. by the definition, cos a = 

r 

similarly cot a = , 



and covers a = 



covers a 
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or, in general,/ a ^=: ^. f a. 

T 



25. Cor. 1. In (art. 17.) - was taken as the measure of 

r 

the angle at the centre of the circle, because it remained un- 
changed, however the radius might be altered. For the same 

reason ?51L!!L , ^ , &c. which by this proposition are 

proved to remain the same, when different values are given to 
the radius, are assumed as the nne^ cosine^ &c. of the angle 
AOP, or in other words. 

26. Dep. XV. Any trigonometric ftmction of an angle 
is the same function of the arc subtending that angle at the 
centre of a circle, divided by the radius of the circle. 

27. Prop. ^ the angle AOP = A, then/ A = / a. 

For by Def. XV. /A ^ If a. 

r 

But by (art. 24.) / a = if a. 

r 

.•./A=/a. 

28. CoR. Hence if any formula of trigonometric functions be 
proved for circular arcs to radius unity, it will be true when 
the corresponding angles are substituted for the arcs. Thus 
in the formula, 

sina = sin (ir — a) = — sin (ir + a) = — 8in{2 ir — a). 

Since the angles at the centre subtended by v and 2 ir are 
180^ and 360°, if A be the angle subtended by o, then, by the 
Prop, the formula becomes 
sin A= 8m(180*^-A) = - sin(18(f +A) = - sin (360-A). 



T 



wm 



wmmmmmmim 



■■ 



■■ 



Hi 
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29. llie student must remember, that this is true only for 
the trigonometric functions, and does not apply to <he arcs 
and angles themselves. Although f h ^=^ -f a, it must not 
be concluded^ that the numerical values of A and a are the 

same, since A = a; A having reference to an angular, 

and a to a linear unit. 

30. Prof. In any right angled triangle ABC of which 
the two acute angles are A and B, the right angle C, Und 
the opposite sides a, by c, then 

sm A = - . 
c 




For, by describing a circle with centre A and radius A3 
(= c), BC (= a) would be the sine of the arc subtending A ; 
therefore by Def. XV. 



A a 

sm A = - . 

c 



AC 



31. Cor. Sb(90*^- A)=: smBss ^ 



.'.COsAiS: - . 
C 



32. Prop. Tbw A = ?, 


cot A :=: -, 

a 
For, by describing a circle with centre A and radius AC 
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(= b) BC (= a) would be the tangeat of tbe are subtending 
A^ therefore 

tan A = ^. 
b 

Also tan {9(r — A) = tan B = ^^ 



BC 



/. cot A = — . 



a 



33. Cor. Sec A = -^-^ = — . 

^AC b 

An AB c 
= secB = =-— = -. 

BC a 



34. Prob. Anyformvla consisting of trigonometric /unc- 
tions of an arc having been calculated to radius unity ^ it is 
required to transfer it to radius r. 

Since a = - ^ sin a = — ^ y &c. it will only be neces- 
r r 

sary to divide every separata trigonometric function by r : 
thus e " ^-*(coso ^-W^ska)y becomes, to rad = r, 

2lv^^ /cos a . / =- sin a\ 

35. Prop. To transfer an equation of trigonometric func- 
tions from rqdius unity to radius r, it will only be necessary 
to multiply, or divide by some power of r, so as to reduce 
every term to the same dimension. 

For let a (sin a)* + 6 (cos fi)* k- c (tan y)P + . . . = 0, 
where a, /3, y, &c. are arcs to rad = 1, and a, b, c, &c. are 
any numerical quantities ; let the corresponding arcs to rad 
= r, be a , '0, y, &c. 

.-. a(^)"+ b[^y + c (^j^y + . . . = 0, 



PLANE TRIGONOMETRY. 



15 



where each term is of m 4- « + p dimensions. 

The values of the radius to which trigonometric function 
of arcs are most commonly calculated are, 

(1.) r = 1. This is used for trigonometric formulas, be- 
cause it simplifies the expressions. 

(2.) r = ICH. This is used for tables of natural sines, &c. 

(3.) r = 10'®. This is used for tables of logarithmic sAes, &c. 

The uses of the two latter will be shown in a subsequent 
section. 

.Unless the contrary be expressed, the radius used in the 
following treatise will be unity. Angles will be denoted by 
the Roman capitals A, B, C, . . . and arcs to radius unity by 
the small Greek characters a, /3, y. . . . 

36. Prop. {Bin of + (co$ a)* = 1, 

{sec of — {tan a)* = 1, 

{cosec^ — {cot o)^ = 1. 
For construct the figure as in p. 10 ; and in the right angled 
triangles TAO, PNO, Ota, we have, 




AN O 

PN2 + NO^ = POS /. (sin a)« 4- (cos a)» = 1 ; 
OT* - AT^ = AO2, .-. (seca)a — (tan a)^ = 1 ; 
0^2 _ «^2 ^ OaS .•- <yseca)«— (cot a)* = 1. 

37. Prop, 

/yr^ sin a . COS a . 1 

Jan a = ; cot a = — ; tan a = , 

COS a sin a COt a 

For, by similar triangles in the same figure, 

AT __ PN . , __ sin a 

^ -^ ^-jg, . . tan a _ _- ; 
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at _ NO . . _ COS a 
^ _ p^, . . cot « - 2^ i 

AT Oa . . 1 

AO ar cot a 

38. Prop. Sec a = ; cosec a = 



cos a* Hn a' 

P^^ OT OP . ^ 1 

Of OP . 1 

Ua JrrJ sin a 



39. Cor. AN = AO — NO, /• veftm o st: J ^ ckw a ; 

an = aO -^ nO, /• ooversina=: I -^ sin a. 

40. Prop. /(2 £ ir ± a) = /( ± o). 
t being any integral number. 

For, firstly, it is evident tJiat if to the arc AP there be 
added any multiple of the whole circumference, or if it be 
subtracted from it, the point P will still remain the termination 
of the arc. Therefore the two extreme points will not have 
changed their position ; hence it follows that all ibe trigono- 
metric functions which depend only on the extremities of the 
arc will remain unchanged ; therefore 

sin (2 i 9r + a) = sin a, 

cos (2 t ir + a) = cos a, 
&C. := &C. 

or, in general terms, 

/(2t^ + «)=/«. 
Secondly, by the principles of analytical geometry, if lines 

drawn in one direction be assumed positive, the lines drawn 

in an opposite direction must be reckoned negative. . We 

shall assume the arc AjP^ positive (see fig. in art. 48^ Hence 

the arc AfP^ measured from the same point in an opposite 

direction must be reckoned negative. The trigonometric 

function will evidently be the same, whether we consider 

A1A3P4 the arc, or AjP^ ; 



^'^ 
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.•./(2x-a)=/(-a), 

hence, by the former part of this article, 

f(2i ^ - a) =/(2 ^ - a) =/(- a). 
.\f(2iw'± a)=/(± o). 

41. Cor. 1. Having joined OpPpOpP^, in the same figure, 
from the same considerations, if the angle A^OP^ be assumed 
positive, the angle AjOP^ on the opposite side of AjO must 
be considered negative ; and, as in the proposition, 

/(2il80°± A)=/(± A). 

42. Prop. To trace the changes of magnitude, and of 
algebraic sign, which the sine and cosine of an arc undergo 
in different parts of a circle. 

Describe the circle Aj A^ A3 A^ with radius 1. Draw the 
diameters A^ A.3, A^ A^, at right angles to each other and inter- 
secting in O, which is therefore the centre of the circle. 




Take P^, P^, P3, P4, points fai the first, second, third, and 
fourth quadrants. Draw PiNj, PgNg, P3N3, P4N4, perpen- 
diculars to Aj A3. 

Now the trigonometric functions of arcs terminating in the 
first quadrant are ajssumed positive ; therefore they will be 
positive, or negative in the remaining quadrants according as 
they are measured in the same, or different directions from 

D 
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those of the first quadrant. Hence T?^^ ^^^ ^^^ ^^ ^^^^ 
second quadrant is positive ; P3N3 and P4N4 the sines of the 
third and fourth quadrants are negative. 

For the same reason ON^ ^^3 the cosines in the second 
and third quadrants are negative, and ON^ the cosine in the 
fourth quadrant is positive. 

In the first quadrant the sine is nothing at the beginning of 
the arc, and eontinually increases until P| is at A^ and then 
the sine is A^O, of 1. It then decreases in the third quadrant 
until it vanishes at A3. In the third quadrant as P3 moves 
from A3 to A4 the sine increases negatively from to --> 1. 
It then decreases in the fourth quadrant until at A| it vanishea 
again. 

The cosine is equal to 1, when P^ is at A|. It decreases 
through the first quadrant until at A^ it vanishes. In the 
second quadrant it begins with 0, and increases negatively to 
— 1. In the third quadrant it changes from — 1 to 0, and 
in the fourth from to 1. 

43. The annexed figure and table give the changes in sign 
and magnitude of the remaining trigonometric functions. 

h 
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Since it has been proved that 



tan a = 



sin a 1 . 1 

, sec a = , versin o = 1 ~ cos a, 

cos a cos a 

cos a 1 



cot a = -, — , cosec a = —, , coversui o = 1 — sin a ; 

sm a sm a 

the variations in magnitude and algebraic sign of the remain- 
ing trigonometric fmictions may be deduced from those of the 
sine and cosine. 

The secants of the first and third quadrants have different 
signs^ because in the first quadrant the secant is drawn towards 
Pj the extremity of the arc, and in the third quadrant, from 
the extremity Py For the same reason the secants in the 
second and fourth quadrants have different signs. The same 
observations may be made concerning the cosecants. 



44. Prop. 
Sin a = (w — a) =^ ^ sin (ir 4- a) = — sin (2 IT — a). 

Let O be the centre and AjOAj the diameter of a circle to 
radius unity. 




In A1A3 take ON^ = ON^ on opposite sides of O. Draw 
PjNjP^, P2N2P3 at right angles to A^Ag : these lines* will 
therefore be bisected (Euc. III. 3.) in Nj, N^^; and, conse- 
quently, the arcs P^A^P^, P3A3P4, will be bisected in A^, A3. 
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But, because ON^ = ON^^, from (Euc. III. 14.) P^P^ = P^P^, 
and, consequently, P^A^P^ = PjAgPg, 

A^Pj = AjPj, = A3P3 = A^P^, 

and PA = P3N, = PA = PA. 
or sin A^Pj = sin A^P^ = — sinA^A^Pg = — sin A^A^^, 

.'. sin a = sin (w — a) = — sin (tt + a) = — sin(2ir — a). 

45. Cor. 1. 'P,P^ = 2 P,N, or chord 2 a = 2 sin a. 

46. Prop. 

Cos a = — cos (ir — a) = — COS (ir -f o) = COS (2 n- — a] 

For, in the same figure, 

ONj = cos AjP^ = cos A, AjP^, . 
ON3 = — cos A1P3 = — cos A^AjPj, 

/, cos a = — COS (ir — o) = — COS (ir -f a) = COS (2 ir — a). 

47. CoR. 1. Hence, by (art. 40), 

sin (— a) = sin (2 IT — a) = — sin a, 
and cos (— o) = cos (2 ir — «) = cos a. 



yio n o A sin a ^4. cos a 

48. CoR. 2. tan a = , cot a = — — : 

t cos a Sin a 

/. tan a = — tan (tt — a) = tan (tt + o) = — tan (2 ir — a) ; 

and cot a = — cot (ir — a) = COt (gr + a) = — COt (2 ir — a) ; 
also, tan (— a) = — tan a, cot (— a) = — cot a. 



49. CoR. 3. sec a = , and cosec a = — - 



cos a sin a 

.". sec a = — sec (ir — a) = — sec (ir -f o) = sec (2 IT — a) ; 
cosec a = cosec (tt — a) = — cosec (ir+a) = — cosec (27r-— a); 

hence sec (— a) = sec a, 

and cosec (— a) = — cosec a. 
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50. Prop. 



Sin 



ina— --cos ^~ + aj = — cos ^-1 ^ a\ = COS (^ + aV 
For COS a = — C0s(7r — «) 3= — 00s(ir-h a) = COS(2ir — a). 

For <i substitute Z — a, 

•'• «^Q-«) = -COs(^ (|-a)) = 

- COs(x + (| - a)) = COS (2 . - ^ - a)), 

/«• \ /3?r \ /3ir \ 

•'. sma= — ^^^15 + <»J = — ^^'^("S aj = cos( 1- o). 



-*§-) 



51. CoR. 1. Similarly, 

cos a =3: sin (^ — a\ = sin f ![ + a ) = 

tan a == cot f ^ — a j = — cot r^ 4- a J = cot (-^ a ) 

= -«..§+.). 

cot a = tan (^ - o) = - tan ft + o) = tan (^ - a) 



-tang+«). 



seca=cosec 



ij = cosec ^1 + a j = 



— cosec 



(S-) 



= — cosec 



co8eca:::=sec f^ — oj =t — sec (g + aj = — sec (^ —a^ 
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52. Prop. 

Sin a = sin (2 i n -\- a) = S'ln | (2 i + 1) ir — af 
= —sin \ (2i -I- 1) w + a J = — m { (2 i + 2) X — a} ; 
where any whole number may he substituted for i in each of 
the expressions. 

For sin a = sin (^ — ") = — sin (r, -f a) = 
— sin (2 TT — a) : but sin o = sin (2 i tt + a) : 
hence by substituting (2 i ir + a) for o ; 

sin a = sin (2 i * 4- a) = sin (2 i w- + «• — a) 
= — sin {2 i IT + IT + a) = — sin (2 i ir + 2 tt — a) 
= sin { (2 i + 1) IT — o } = — sin I (2 i + 1) IT + a } 
= — sin ^ (2 i + 2) w — a} . 

53. Cor. 1. Sin a = cos (^ — a) = — cos f^. + a) = 

[-^ — . oj = cos {— 4- aj; butcOSa =C0S (2«7r + a), 
.-. Sina = COS ((4i + 1)| ^a) = -^ COS ((4 i + 1) J +«\ 

= - COS ((4i + 3) I ^«) = COS ((4f 4- 3) 2 + a). 

54. CoR. 2. Similarly, 

cos a = COS (2 i TT 4- a) = — cos \ (2^4- I) tt — a\ 
= — cos { (2 i 4- 1) TT 4- a J =?= cos { (2 i 4- 2) IT — . a} : 

and cosa = sin f (4 f 4- 1) ^ — a] = sin f (4 i 4- 1) ~ 4- a ) 
= ^ sin ((4i 4- 3) ^ - a) = - sin((4i + 3) ^ 4- «). 

55. CoR. 3. By making a = ; 

sin (2 i tt) = sin (2 i 4- 1) tt = 0. 

. sin(4f 4. 1) ^= -.sin(4i4-3)^= 1. 



cos 
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COS (2 i tt) = — COS (2 i + 1) tt = 1. 



TT 



COS (4 f + 1) ^ = cos (ii +'3) ^ = 0. 

56. CoR. 4. ' In the same manner the formulae for the re- 
maining trigonometric fmictions are capable of similar exten- 
sions. 



57. Prop. Sin 45° z= cos 45° = ~^ • 




For, let ABC be an isosceles right angled triangle having 
C the right angle ; therefore the sum of the angles A and B is 
equal to a right angle; but because CA is equal to CB, A 
and B are equal angles, therefore each of them half a right 
angle, or 45°. 
Now AB* = BC2 + AC* = 2 BC«, 

. BC _ 1 
• AB 



Also, cos 45® = 



V2 



.'. sin 45° = 
AC 1 



1 
>v/2 



AB ^2 



58. Prop. Sin 30° = J. 




For, let ABC be an equilateral triangle; A, B, C, are 
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therefore equal angles, and the sum of them is two right angles 
or 180°, therefore each of them is 60^. But if a circle be des* 
cribed with centre A, and radius AB, it will pass through C. 

.-. chord A = ?2 > by def. XV. 

AB 

.'• chord 60°= 1, 

.-. 2 sin 30° = 1, (articles 45 and 28.) 

/. sin 30° = i. 



59. CoR. 1. Cos30° = ^|l-(sin30°)*| = >/(l-l) = V^. 

60. CoR. 2. Sin 60° = cos {90° - 30°) = cos 30° = ^. 



61. CoR. 3. Cos 60° = sin (90° — 30°) = sin 30° = f 



62. CoR. 4. Hence the following results :•— 
sin 45° ==cos45° =-0-. 

tan 45° = cot 45° = 1. 
sec 45° = cosec 45° = /2. * 
sin 30° = cos 60° = i. 

cos 30° = sin 60° =V^^. 

2 

tan 30° = cot 60° = -1-. 

\/3 

cot 30° = tan 60° = \/3 

sec 30° = cosec 60° = -4— 

v/3 

cosec30°= sec 60° =2. 



63. The results in the annexed table follow immediately 

E 
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from the theorems in articles 36^ 37^ 38 and 39. The values of 
tan a can be derived by dividing the corresponding values of 
sin a and cos a. Also, since every trigonometric function is 
known in terms of sin a and cos a ; any trigonometric function 
^^Yy hy this table, be expressed in terms of any other. 
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TABLE 



For reducing French Degrees, Sfc. to English. 






l9 0° 54' 

29 P 48' 

3» 2° 42' 



49 
59 
09 
79 
89 
99 
109 



3° 
4° 

5° 
6° 

8° 
9° 



36' 
3^ 
24' 
18' 
12' 
6' 



r C 32'.4 

2' 1' 4'.8 

y 1' 37".2 

4* 2' 9^.6 

5" 2' 42» 

6^ . . . 3' 14''.4 

r 3' 46".8 

8" 4' 19'.2 

9^ 4' 5r.6 

10' 5' 24* 






1" (y.324 

2' 0*.648 

3" 0".972 

4" 1''.296 

S' r.62 

6" r.944 

r 2'.268 

O , , A **Xu4i 

9'' 2'.916 

10" 3*.24 



10» 
20» 
30* 
40» 
50* 
60ff 
70» 
80s 
90» 
lOOff 



9° 
18° 
27° 
36° 
45° 
54° 
63° 
72° 
81° 
90° 



10' 5' 24' 

20' 10' 48' 

3a 16' 12* 

40' 21' 36' 

50' 27' 

60' 32' 24' 

70' 37' 48' 

80' 43' 12* 

90' 48' 36' 

100' 54' 



10" ... , 3'.24 

20" 6'.48 

30" 9'.72 

4a* 12'.96 

50" 16'.2 

60" . . : 19'.44 

70" 22'.68 

80" 25'.92 

90" 29'.16 

100" 32*.4 
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Example to the preceding Table. 



Reduce 63«.66l97 



to degrees of the do e ii iJ^notation. ^Jl^a^,e^4» 

6(V = 54° ^ 

3* = 2° 42" 

m = 32"24' 

6" = 3" 14*.4 

10" = 3'.24 

9" = 2".916 

70"' = .226 



eOf. 66197 = 57° IS* 44*. 782 



i' 



SECTION II. 



ON THE TRIGONOMETRIC FUNCTIONS OF THE SUM AND 

DIFFERENCE OF TWO ARCS. 

64. Prop. Sin (a -h j3) = sin a. cos (i -f cos a. sin ft, 

c 




At the points A^ B^ in the straight line AB draw two other 
straight lines, making angles with AB equal to A degrees and 
B degrees respectively, het the two lines be produced to 
meet in C. From C draw CN perpendicularly to AB. Let 
the angle ACB = C. 

.-. C = 18(r ~ (A 4- B). 
.'. sin C == sin (A + B). 
But since the angles at N are right angles .'. by (art. 30.) 



sin A = 

sin B = 
sin B 



CN 
CK 

CN 
CB 
CA 



cos A = 



cosB = 



NA 
CA 
NB 
CB 



Similarly, 



• » 



sin A CB 
sin C _ AB 
sin A CB ' 

sin C := sin A. 



AB 
CB' 
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__ CN NB + NA 
~CA CB 

_ CN P^ NA_ CN 
~CA CB^ CA CB 
/. sin (A -f B) = sin A. cos B + cos A. sin B. 

Let a and /3 be the arcs to radius unity corresponding to the 
angles A and B^ and therefore by (art 28) 

sin (a 4- /3) = sin a. cos /3 + cos a. sin p. 

The figure applies to the case in which A and B are positive 
and acute angles. If one of the angles be negative^ it must be 
measured on the opposite side of AB. And whatever be the 
values of A and B^ the angles at the base of the triangle will 
be equal either to A and B, or to their defects from 180°, or 
from some multiple of 180°, and by paying attention to the al- 
gebraic signs the proof applies to angles or arcs of any mag- 
nitude whatsoever. 

65. CoR. For /3 substitute — /5. 

/. sin (a — /3) = sia a. cos (— /3) + cos a. sia (— /3) ; 
But cos (— /3) = cos /3, and sin (— /3) = — sin /3, (art. 47.) 
/. sin (a — ^) = sin a. cos /3 — cos a sm p, 

66. Prop. Cos (o -f /3) = cos a. cos /3 — s^in a, sin /3. 
For sin (a + /3) = sin a. cos P + cos a. sin /3. 
Substitute ^ + a for a. 

.-.sinU^ + a) + P) = ^^^(^ + a j.cos/3-f cos^l + aj. sin/3. 

.'. by articles (50) and (51.) 

cos (a + )3) = cos a. COS /3 — sin a. sin /3. 

67. CoR. cos (a — /3) = cosa. COS (— /3)— sin a. sin (— ^^ 

= cos a. COS /3 + sin a. sin fi. 

68. Prop. Tb^" + ^) = |_,„^„.,^„.;^ - 
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F sin (g 4- P) _^ sin a. cos j3 4- cos a. sin /3 
cos (a + /3) ~" cos a. COS /3 — sin a. sin j3 ' 

sin a. cos /3 + cos a. sin /3 

cos a. cos /3 

"~" cos a. cos /3 — sin a. sin j3. 

cos a. COS /3. 

sin a sin /3 

COS a COS j3 



I sin a sin /3 
COS a ' cos /3 



.-. tan(« + ^)^ tana + tan^ 3^ 

1 — tan a. tan )3 ^ 

69.C0R. Tan(a-/3) = ,^°-»-^^7^) 

^ ^' 1 — tana. tan(— j3) 

tana — tan)3 /«^>iqn 

= -1 1 . ^ . (art. 48.) 

1 + tan o. tan /3 ^ ^ 

70. Prop, fifi/i 2a = 2 ^» a. co^ o i 

cos 2a = (co« a)*— [sin a)* J 

For by making a = /3 in the formulae 

sin (a + /3) = sin a. cos /3 + cos a. sin /?. 
cos (a + /3) = cosa. COS /3 — sin a. sin /3. 
sin 2a = 2 sin a. cos a. 

cos 2a = (cos a)2— (sin a)*. 

71. Prop. Cos 2a = 2 {cos a)^ — 1 1 

= 1-2 {sin a)*J 

For (cos a)« — (sin a)^ = (cos of — (1 — (cos o)* ) 

.-. cos 2a = 2 (cos a)* — 1. 

Also (cos a)* — (sin a)* = 1 — (sin a)* — (sin af, 

.-. COS 2 a = 1 — 2 (sin a)*. 
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72. Prop. Cos a = V {i(^ + cos 2 a )U 

sin a = \/ {i(l — cos 2 a)]) 

For 2 (cos a)2 — 1 = cos 2 o. 

.-. 2 (cos a)* = 1 -h COS 2a. 
.-. (cos o)* = ^ (1 + COS 2 a^ 
.'. COS a = \/ fi (1 + COS 2 a)f . 
Again, 1—2 (sin a)* = cos 2 a. 

.-. 2(sina)a =1 — cos 2 a. 

.-. (sin a)* = J (1 — cos 2 a). 

.'. sin a =: \^ {j^ {I — cos2 a)} . 

73. CoR. For a substitute t — a^ and therefore 

for 2 a ^ — 2 a. 

and, since cos (^ — 2a] = sin 2 a. 

.-. cos (j— a )== >/ i (1 + sin 2a) 
and sin f j— a J= V J (1 — sin 2 a) . 

74. Prop. 

2Cosa=^/ ^(2+\/(2+\/(2+ . . . +\/(2+2(?oj»2«a)^i 
2 5i7«a=V i(2— >/(2+v'(24- . . . +'^{2+2co«2«a)|J 

Firstly, cos a = >\/ i (1 + cos 2 a) 
.-. 2 cos a = v' (2 + 2 cos 2 a) 

.-. 2cOs2a= >• (2 + 2 COS 2* a) 

.-. 2 COS a = A/f(2 + -/ (2 + 2 cos22 ^^^^ 

Similarly, 

2 oosa = a/ ^2 + a/ (2 + ^/ (2 + 2 cos 2» a)^ 
.*. by continual substitution 
2cosa= V 1(2+ >/ (2 4-^(2+ . . . + V(2 + 2cos2»a)|. 
the symbol \f being continued ;? times. 



'^ 1 
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Secondly, sin a = >/ i ( 1 — cos 2 a) 

/. 2 sina = >/ (2 — 2 cos 2 a) 
: ^/ {(2-^ V (2 + ^/ (2+ ... + \/(2+ 2cos2"a)J 

the symbol y/ being continued n times. 



75. CoR. 1. In these formulas let a be changed into ^,and 
therefore 2" a into a. 

.-. 2cos^ = v' 1(2+ \/(2+ \/(2+. . . + >v/(2 + 2 cos a)f . 

2 sin^=>/|(2-./(2+V(2+...+V(2+2cosa)|. 

76. CoR. 2. 

Ton" ~i/ K2-\/ (2+^/(2+ . . . . + V(2 + 2co8a)l ^ 
2« V K2+\/(2+^/(2+ ... +>v/(2-h2cosa)|' 



22 
• Archimedes discovered that ir = y nearly, by a method virtually the 

same as the following: — 



IT 



In corollaries 1 and 2 let a == _, and n = 5 

.*. 2 cos a = 1, and — = — 

2 96 

.-. sin — = i V ^2 ^ V (2 + v/ (2 + v^ (2 + v/ 3) f 
96 ' 

IT . ■{ (2 - \^ (2 + V (2 + V (2 + v/ 3) ^ 

tan -— = V — — * 

9« ^ (2 + V (2 + V (2 + %/ (2 + V 3) } 

But, if the arc be less than a quadrant, it is greater than the sine, and less 

than the tamrent Therefore, -— - lies between sin -—- and tan — . Hence, 
^^ 96 96 96 

if the arithmetic operations be performed, the result, as far as the decimal 
places agree in both, may be taken for an approximate value of — ; and, 
therefore, by multiplying by 96, tr may be found. 
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77. Prop. Tan a = \/ ( "^ ^^^ " ] 

For, sin a = >/ i (1 — cos 2 a) 
and cos a = y' i (1 + cos 2 a) 
.'. by division 

/ /I — cos 2 a\ 
*^^ " = V V l -f cos 2 J - 

78. Cor. Also, since 

sin (j — a J = >/ ^ (1 — sin 2 a) 

cos Tj — a ) = >v/ J (1 4- sin 2 a) 
.-. tang -«)=>/ (1 +sill2«) • 

79. Prop. Cos 2 a = I 7 ^/f ""l I 

1 4- (m;3 a) 2 

For cos 2 a = 2 (cos a) * — 1 

^ — 1, (art. 38.) 



(sec a) 



^ — ,« — 1, (art. 36.) 



1 + (tana)2 
1 — (tan g) ^ 
1 + (tan a) 2- 



80. Cor. For a substitute -r — a, 

4 

and since cos (o ■— 2aJ = sin 2 a. 



Any arc whose cosine is known maybe taken, and any integral value of n and 
V may be found in the same manner. The accuracy of the result will depend 
on the magnitude of n. 
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Z-n^ M 



1 - (tan (2 - «) ) 
/• sin 2 a = 



,l+(tan{^-a)) 



81. Prop. If a be an arc less than . 



2 



2 sin a = ^ (1 -i- sin2 a) — >/ (1 — sin 2 a), T 

— sin 2 a). J 



2 cos a = 4/(1 -[- sin2 a) 4- >/ (I 



For, (sin a) * + (cos a) * = 1 

and 2 sin a. cos a = sin 2 a. 
.'. (sin a) * ± 2 sin a. cos a -f (cos o) * = 1 ± sin 2 a, 
.'. sin a + cos a = ± V (1 + sin 2 a) 
sin a — cos a = ± a/ (1 — sin 2 a). 

But, since a is less than j, sin a is less than cos a, and 

cos a is positive. 

/. sin a + cos a = \/ (1 + sin 2 a), 
sin a — cos a = — V (^ — sin 2 a), 
/. by addition and subtraction 

2 sin a =r >/ (1 -f sin 2 a) — V' (1 — sin 2 a), 
2 cos a = >v/ ^1 + ^in 2 a) + \/ (1 — sin 2 a). 

82. CoR. 1. These expressions, which are called the ybr- 
muleB of verification^ cannot be applied to arcs greater than 

J without some alteration of the algebraic signs. 

Now, since '^ 

sina = sin(7r — a) = — sin (tt 4. a) = — sin(2^ — a)(art.44.) 
and 

cos a = — cos (tt — a) = — COS (tt -|- a) = COS (2 tt — a) (art.46.) 

Also, sin J = cos ^. (art. 57 and28.) 



* • 
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Therefore, when the arc lies between ir— ?and2ir — I 

4 4 

sin a 4- cos a = — v' (1 + cos 2 o) 
otherwise, sin a + cos a = + ^ (1 4. sin 2 o) 

when the arc lies between j and x + - 

sin a — cos a = + ^ (1 — sin 2 a) 
otherwise, sin a — cos o = — y (1 — gin 2 a). 

83. Prop. Tan a = cosec 2 a -^ cot 2 a. 

^ cos a 2 sin a. COS a 

1 — COS 2 a . ^ ^- . 

= 5—15 (art. 71.) 

sin 2 a ^ ^ 

, cos 2 a 

"~ sin 2 a^sin 2 a 

.'. tan a = cosec 2 a — cot 2 a. 

84. Prop. Cot a = cosec 2 a -\- cot 2 a. 

p COSa _ 2(coS a)^ 

^ sin a 2 sin a. cos a 
sm 2 a 

1 COS 2 a 

sin 2 a sin 2 a 

.'. cot a = cosec 2 a -f- COt 2 a. 

85. Prop. Cosec 2 a =• | (^a;2 a + co^ a). 

For 1 _ = (sing)" + (cos „)»^^ 
sm ^ a 2 sm a cos a ^ 

\C0S a sm a/ 

• .'. cosec 2 a = ^ (tan a + cot a). 
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86. Prop. Tan 2 a ^ 2 tan a 

1 — (tow af 

For, tan (a + /3) = ^^" ^ + ^^^ . 

1 — tan a, tan /3 

Let a = /3, 

2 tan a 



.'. tan 2 a = 



1 — (tan af 



87. Cor. 1. L_ = l~(taiia)« 

tan 2 a 2 tan a ' 

- 1 



(tan a) » 



2 



tan a 

... cot 2 „ = (£^;zii. 

2 cot a 

88. Cor. 2. ' = l-(tana)» 

tan 2 a 2 tan a 

.*. cot 2 a = ^ (cot a — tan a). 

89. Prop. Tan 3a = ^ f ^ ° "" <^^^^ ">' 

1 — 3 Qtan a) 2 

17^,. +«.. /o . \ tan 2 a 4- tan a 
tor, tan (^ a + a) = -= — - — ^J— 

1— tan2a. tana 
2 tan a 
_ l-(tana)^ + ^^"" 



1 - 



2 (tan a) ^ 



1 — (tan ay 

. , o 3 tan a — (tan a) ^ 

. . tan d a = — = —-^ -|— 

1—3 (tan a) * 




aot^ cc 
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90. Prop. 

Sin w a = 2 sin (n -— 1) a. cos a — sin (n — 2) o^ 

cos W a = 2 cos (n — 1) a. C0« a — COS (n — 2) aj 

For, sin w a = sin ^ (w — 1) a + a} 

= sin (n — 1) a cos a + cos (n — 1) a sin a 
sin (n — 2) a = sin ^ (« — 1) o — a} 

= sin (w — 1) a. cos a — cos (n — 1) a sin o, 
.'. sin 71 a -f sin (;? — 2) a = 2 sin (n — 1) a. cos a 
/. sin 72 a = 2 sin (72 — 1) a. cos a — sin (72 —* 2) a. 
Again, cos 72 a = cos ^ (72 — 1) a + a} 

= cos (72 — 1) a. cos a — sin (n — 1) a. sin a 
cos (72 — 2) a = cos ^ (72 — 1) a — a J 

= COS (72 — 1) a. COS a + sin (72 — I) a. sin a, 
.'. COS 71 a + COS (72 — 2) a = 2 COS (72 — 1) a. COS a 
.'. COS 72 a = 2 COS (72 — 1) a. COS a — COS (72 — 2) a. 

91. Cor. 1. Let 72 = 2. And, as in (70) and (71), 
^ sin 2 a = 2 sin a. cos a 

cos 2 a = 2 (cos a) 2 — 1 = 2 p — (sin a)*| — 1 
= 1^2 (sin a) ^ 

92. CoR. 2. Let 72 = 3. Then, 
sin 3 a = 2 sin 2 a. cos a — sin a 

= 4 sin a. (cos a) * — sin a 
= 3 sin a — 4 (sin a) 3, 

cos 3 a = 2 cos 2 a. COS a — COS a 

= 2 ]2 (cos a) 2 — 1^ COS a — COS a 
= 4 (cos a) ^ — 3 COS a. 

93. Prop. 

Sin (a + /3) + sin (a — fi) = 2 sin a. co« /3^ 
^272 (a — /3) — «m (a — ^'i = 2 COS a. sin /3 / * 



J 
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For, Sin (a 4- /3) = sin a. cos /3 + cos a. sin /3, 

sin (a — /3) = sin a. cos fi — cos a. sin /3, 

.". hy addition and subtraction, 

sin (a 4- /3) + sin (a — )3) = 2 sin a. cos/3 ^ 
sin (a 4- )3) — sin (a — /3) = 2 cos a. sin /3 J 



39 



^4. Cor. In the same manner, 

cos (a 4- /3) 4- COS (a — (3i) 
COS (a 4- ^) — COS (a — /3) 



2 cos a. COS /3l 

— 2 sin a. sin /3/ 



95. Prop. 



Sm a 4- «in /3 = 2 *i;j — ^^ — . cos — ^ — 

« 4- /3 g -/3 

— ::^ — . sm — 5^ — 



sin a — sin /3 = 2 cos 



Fnr « 4-/3 a-/3 

For, a = -2-4-— 2— 

a 4- /3 a — i3 



and fi = 



, • .04-/3 a — /3 a4-/3 . o — /3 

.'. sm a = sm — 5-^- cos — _i- + cos — 3_£L. sm — ^-^ 

a 4. /3 „• a -— i3 



• ^ . a 4- /3 a — /3 

sm 3 = sm — 5-^. cos — -J- — cos 
^22 ii 

.'. by addition and subtraction, 

__ 9 '^ a 4. /3 a ■— /3 



.. sm 



sin a 4. sin )3 = 2 sin 
sin a — sin /3 = 2 cos 



.. cos- 



a 4- /3 . a — /3 f • 

— 1— ^— . sm — — ^ ' 



96. Prop. Cos a -{. cos fi = 2 cos iJlA, cos SLZlA^ 

^ 2 

a — /3 



CO.? a — CO.? /3 = — 25m ° j" ^. 5272 



>. 



II I "P 
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For as before, 
cosa = cos^^. cos^:=A-sin-^-i-. sin ^^ 

cos /3 = cos ^^. cos ^-=^ + sin iL+J.. sin ° " ^ 
/. by addition and subtraction, 

cos a + cos )3 = 2 cos " ^ ^ . cos "^ "7 ^, 

cos a ~ cos /3 = - 2sin iL+li-. sin -^LZll. 



97. Prop. If b.a represent an increment of a, and a m*« a 
^A^ corresponding increment of sin a 

c% ( Aa\ , A a 

l^ Stn a = 2 cos (a + -9- )• ^^^ -9- • 



sm (a 4- Au) — sm a = 2 COS ^ Sin -q-, (art^ 95.) 

ck ( A a\ . A a 
. . A sm a = 2 COS ( a 4 ^j . Sin -^. 



98. CoR. If A a be very small, sin -^ = -^ 



and cos f a 4 — ^ j t= cos a, nearly. 



A sin a = cos a. A a 

A sin a , 

or = cos a, nearly. 

Aa ^ 



99. Prop, a co« a = — 2 sin fa 4- -g- J . sin -g- 9 

^ , , o • 2a 4- A a . Aa 

For, cos (a 4- A a) — cosa = — 2 Sin g . sm-^, 

ck ' ( ' Aa\ . Aa 

.'. A cos a = — 2 Sin I a -I- -9-). sin-^. 
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100. Cor. If a a be very smalt^ as brfore, 

A cos a = — sin a A a, nearly, 

^ cos a . 

or r= — sm a, nearly. 

101. Prop, a tan a = sec a. sec (a -f a a) sin a a. 
For, tan {« + a a) - tan a = f^^ + ^"j _ «!L2 

COS (a + A a) COS a 

__ sin (g 4- Aa). COS g — COS (g -|- Aa) SJn g 

COS g. COS (g -f A g) 

= sin \(a -h A g) - g| . ^ 64 ^ 
COS g. COS (« -h Ag)' ^ ^'^ 

sin Ag 

cos g. cos (o + A g) ^ 
.*. A tan g = sec a. sec (g + a g). sin a a. 

tr\c% r-t ^ tang , 

1055. Cor. -1 = sec g. sec (g 4- a g), 

sm A g ^ '' 

/. when Ag is very small 

A tan g / ^ \o 1 
= (sec g)* nearly. 

A a 

103. Cor. 2. These formulae are easily changed from cir- 
cular arcs to the corresponding angles. For since 



g 



180" 



180* A A 

and 
A sin A 180° 



cos A 



A A TT 

A cos A 180'' . . 
T — = — sm A 

A A TT 



G 
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A tan A 180° , .^2 

rr — = (sec A)* 

A A TT 

A cot A 180° , A2N 

— = — - (cosec A*), 

A A TT ^ 

nearly when A is small. 

tan ^l^Jl 

104. Prop. ^^'^° + ^^'^^ = 2j 

sin a — sin 3 „ B ' 

^ tan — L- 

2 

For, sin a + sin /3 = 2 sin -2— zJi. cos ^ ~Z , 

and, sin a — sin /3 = 2 cos ^ \ . sin ° "~ ^ . 

.'.by division 

• n sin — \-J-- sm — --^ 
sm g + sin /3 2 2 

sin a — sin /5 a + ^ "^ a — fl * 

cos — ^Ji. cos — --L- 

tan — 4-^ 



tan a — )3 



105. Cor. Exactly in the same manner 

^"° + «»«^ = _ fflt ° + ^ cot -^JZI. 
cos a — cos /3 2 2 

106. Many other formulae may be derived by similar pro- 
cesses. As there is not the least diflSculty in the operations, 
a table of results has been deemed all that the student will find 
necessary. 
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107. 1. Tan a + tan /3 = ^ <" + ^^ 



2. tan a — tan /3 = 

3. cot a + cot /3 = 

4. cot a — cot /3 = — 
6. cot « + tan ^ = 

B. cot II — tan /3 = 

^ tan a -f tan /3 

tan a — tan /3 

cot a 4- tan /3 



cos a. cos /3 * 
sin (g ~ /3) 
cios a. cos /3 ' 
sin (g ^ ^) 
sin g. sin ^ ' 
sift (g -- fi) 
sin g. sm ' 
cos (g — /3) 
sin g. cos j3 
cos (g + )3) 
sin g. cos /3 * 
sin (g -f ff) 



>»^ 



8. 



9. 



10, 



cot « — tan (3 
sin a + sin /3 



COS g + COS fi 

sin g — sin )3 _ 



= tan 



sin (g — /3) 
COS (g — /3) 
COS (g + i3) * * 

g + /? 



COS g -\- COS /3 

11. sin (g + /3). sin (g 



= tan 



2 

g — /3 



- /?) = (sin g)2 — (sin py. 

= {C0S/3)2— (C0Sg)a 

12. cos(g 4- /3). cos(g — /3) = (cosg)2 — (sin)3)« 

= (cos i3)« — (sill g)2. 



SECTION UI. 



ON THE SOLUTION OF FLANB TRIANGLES. 

108. Prop. In any triangle the side* are proporHonai to 
the tinea of the opposite angle*. 



For let ABC be the triangle. Let the angles beVenoted 
by A, B, C, and the sides opposite to them by a, b, c, re- 
spectively. From C draw CN perpeadicularly to AB. Then, 
since the angles at N are right an^es ; by (art 30.) 
CN _ CN 
' AC b 

CN _ CN 



sin A - 



Similarly, 



sinB : 

sin A 
sinB ■ 
sin A 
sinC 



■m 



109. Prop. In omj 
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For in the figure of the last article 

jr^ = COS A. (art. 31.) 

.-. AN = AC. cos A; 
But CB* = CN« + NB* 

= CA» - AN* 4- (AB - AN)« 
= CA« + AB» - 2AB. AN 
= CA» + AB» - 2AB. AC. cos A; 
.-. a« = 69 + c« - 2 6c cos A, 

110. CoR. 1. 2 be cos A = 6* + c» — o* 

.-. cos A = ^ + «^ - «' 















2bc 


111. COR. 


2. 


Similarly, 










6« 


= o« 


+ c»- 


2ac 


cosB. 






c« 


= o» 


+ 6*- 


2ab 


cos C. 


* 


cos 


B 


_ o* 


+ c9- 
2ac 


b» 

• 




and 


cos 


C 


_ «* 


+ fi«- 


c« 





2a6 



1 12. Prop, ^p = b sin A. 

Fot,™| == * 

Sin A a 

i sin A 



.-. cos (90* — B) = 



a 



,-. 1-2 (sin (45» - |))',=5 (art. 71.) 

.-. 2 fsin (45° - BA»i a-p 
\ ' 2 J \ a 
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113. Prop. I/sinS= \^^ . cos ^ 

b + c 2 

ffl = (A + c) cos S. 

For o* = i» + c« — 2 6c cos A 

= b^ + c^-2bc { 2 (cos ^V- 1 j 



^y 



= i» + 26c + c»-46c (cos^ 
= (6 + c)«- 4 6c (cos |y 

Now the sine of an angle is never greater than unity; but 
jpr— — ^> ana cos ~ are neither of them ever greater than 
unity. Therefore, there is some angle whose sine is 

J- cos — . Let S be this ansle. 

o -\- c 2 ° 

/. a^= {b -\- c)^ {I - (sinS)2} 

= (* + cy (cos sy 

.". a = (6 -f- c). cos S. 
114. Prop. IftanS= |^^. sin^ 

o — C A 

a zzn [b — c) sec S. 
For a2 = 62 _!_ c^— 2 be cos A 

= 62 _^ c2 __ 2 6c{l- 2 (sin ^^V} 
= 6« - 2 fee + c2-f 4 fec(sin ^)* 
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=. (^ _ c)2 + 4 de (sm^y 

= "-«)-{'+7r^(-4-)"}- 

Now,?Xi^, and therefore %iL^, sin 4. admite of aU 
' — c b ^ c 2 

degrees of magnitude from zero to infinity. But the tangents 

of angles also admit of all degrees of magnitude^ therefore 

there is some angle whose tangent is —-^1 . sin -^. Let S be 

— c 2 

this angle. 

/. a2 = (6 - cy {1 + (tan S)*} 

= (6 - ey (sec S)* 

/. a = (ft — c) sec S. 

115. Prop, c = b cos A -\- a cos 3. 

For in the figure of art. 108. 
AB = AN 4- NB 

== AC. cos A 4 CB. cos B 
.'. c = 6 cos A + a cos B. 

116. Cor. c = 6cosA-ha^|l — (sin B)^^ 

= 6 cos A + a 'y/ {l - ^ (sin A)«} 

= 6 cos A 4- >• {a^ — f^ (sin A)*} . 



117. Prop. Tan^^^ = ^5ZI* cot -J 

2 a + fe 2 

«^^ a sin A 
6 sm B 

. g — 6 _ sin A — sin B 
a-\-b sin A + sin B 
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t«T+^ 



tan 



2 
A-B 



tan (90 



(90= - C ) 



.-. tan A^ = llZ* cot S- 
2 a + b 2 



118. Cor. Cot^ ~ ? = i±*tan ^ 

2 a-6 2' 



119. Prop. ^ tan S = - 

a 

tan ^~^ = to« (45° - S) co« ^. 

For tan :i^ = -IZ-I cot ^ 
2 a 4- 6 2 

o — b 1 

But = — " 



_ tan 45° — tan S 
~ 1 +tan45°.tanS 

= tan (45° — S) 
.-. tan ^-=-5 = tan (45° - S). cot ~, 



120. Cor. Cot^-Zl^ = 1±X. tan^ 

2 a — 6 2 

= ten (43** + S) ten ^. 

H 
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121. Prop. Si» ^JzJ = fLllA co* £ 

2 c ^ 2* 

For ^ = «45^ 
c sinC 

and * = ^ 
c sinC 

. a—b _ sin A — sin B 
c sinC 

But sin A - sin B = 2 sin^~°. cos:i_±J 



. cos — =^-^(95) 



2 2 



=: 2 sin 



._ A— B 



2 
- Q «« A — B . C 

^ ™ 2 

and sin C = 2 sm -. cos - 

. A-B 

. a-6 ^"^— 2— 



. cos ^90* - ?) 



c C 

cos ^ 

2 

. «• A - B a — 6 C 

• • sm — - — = cos -. 

2 c 2 



122. Cor. « + & ^sin A + sin B 

c sin C 

A-B. 

cos Tz 



. c 

sin- 
A — B a -{. b . C 

. . cos 25 = sm 75. 

iC c 4 



123. Prop. ^a + 6 + c = 2« 

A ^ / rs.(s^a)\ 
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For a* = i» + c« — 2 6c COS A 

= 6a + c«^2 6c{2 (cos A^ a _ ij 

.-. 4 6c ( cos -^) « = 6« + 2 6c -f c« — a« 

= (J 4. c)a — a« 
= (6 + c + a) (6 + c — a) 
= 2 *. 2 (« — a) 
A \ J _ g, (g -- a) 






. . cos 



124 



For a» = 6^ + c* — 2 6c cos A 

= 6* +ca-26c/l-.2(8in ^ »} 

/. 46c i «in ^y = a3 - 6» + 26c - 

= aa — (6 — cf 

= (a — b -{- c) (a -\- b — c) 

= 2 (5 — 6). 2 (« — c) 



c* 



sin ^ 



125. CoR. Tan A = ?.= >i/ /(lizi)ii£jlf)\ 



cos _ 
2 



126. Prop. Sin A = ^V |«. (« — «). (« — 6). (« — c)| • 
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For by (art. 123) 1 + cos A i= 2. ^' ^^^ ^) 

be 

and by (art. 124) 1 - cos A = 2. (s-bMs-c) 

be 

/. 1 — (cos A)* = ^5—-. s. (s — a), (s — b). (s — c) 

or C^ 

2 

/. sin A = --_ >/ U, {s — a), {s — b). (s — c)]. 

be 



127. Prob. To explain an apparent imperfeetion in the 
trigonometrie tables, when the angle under consideration is 
very small y or nearly 90°, or 180°/ and to point out a 
method of obviating this difficulty. 

In the common tables the logarithms of the trigonometric 
fmictions are put down for degrees and minutes to 7 places of 
decimals. If in addition to degrees and minutes there be 
seconds in the angle under consideration, a calculation is 
made for them, on the supposition that the increment of the 
logarithmic function is proportional to the given increment of 
the angle. 

T^OTfy firstly i 7 decimals are not always sufficient. 

„ A sin A 180° . ^ X. a • ii 

ror T- = ~ COB A nearly, when A A is small 

A A X ^ 

and sin A =• 10 log sin A. 

Consequently, when A is about 90°, since cos A is very 
small, the variation for 1" of sin A, and therefore of log sin A, 

is very small. And since 7 decimals just suffice for common 

« 

cases, more than 7 will be necessary to distinguish between 
angles nearly 90°, differing by one second. That is, if log 
sin A be known, several angles,) according to the tables, will 
answer to it, and it will therefore be dubious which of them 
is flie true one. 
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., AcosA 180' . . , 

Also, since ?- = sin A nearly^ 

when A is very small, or nearly 180°, the determination of A 
from cos A, or log cos A, is involved in the same difficulty. 

Secondly, the rule for calculating for the additional seconds 
is not always applicable. 

For -1 r- = tec A. sec (A 4- A A) 

sm A A ^ ^ 

If A A be between 1' and 1', although it be true that sin a A 
oc A A nearly : yet when A is about 90° it is not true 
that sec (A + a A) = sec A, nearly, the variation of the 
secant being in this case exceedingly great. Therefore, 

^ — T— is not nearly constant, and the rule is therefore in- 
A A 

applicable. The same remark will apply to log sec A. Also 

when A is small, the rule is inapplicable for log cotan A, and 

log cosec A. 

The calculations are supposed to have been made by the 
common tables. In some tables the logarithmic functions 
are put down for degrees, minutes, and seconds, and the incon- 
venience would be felt when thirds came into calcidation. 

The obvious method of avoiding these difficulties would be, 
for small angles to insert in the tables the logarithmic functions 
to more minute divisions' than the other angles, and to a greater 
number of decimal places. This, however, is unnecessary. 
The difficulty can always be overcome by replacing the incon- 
venient function of A by convenient trigonometric functions of 

A, .-^, or 45* ^. The method of doing this will be 

explained in the particular cases as they occur. 



128. There are six parts in a triangle ; three sides and 
three angles. But ihe three angles are always connected by 
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the equation A + B + C = 180** ; so that if two be given^ 
the third is also given. In solving the triangle^ therefore^ it 
will be considered that there are ojAyfive elements ; and the 
problem is^ having given three of them to find the remaining 
two. 

• 
129. If one of the angles C^ be a right angle A + B = 90^. 
so that if one of the acute angles be given the other will also 
be given. There wiU therefore be four elements^ and the 
problem will be^ having given two of them to find the other 
two. 



METHOD OF SOLVING RIGHT ANGLED TRIANGLES. 

130. Prob. C being the right anglCy given a and b to 
find A. 




First Method. 



a 



Tan A = ^ 
b 

.•. log tan A = log a — log b + 10. 



Second Method. 



131. Cot A = 

.*. log cot A = log 6 — log a -\- 10. 



a 
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The first method applies A ia very small, or b much 
greater than a ; the second, when A is nearly 90°, or a 
much greater, than b, (See article 127.) 



132. Frob. Given a and b to find c. 
Firtt Method. 



c = :/ (a' + 6>) 
/. log c = i log (o' + i»). 



Second Method. 



133. If a and b consist of many figures, the operation of 
squaring will be very laborious. This might be done by a 
table of logarithms. It will, however, be more easy in this 
case to find A by the last article, and' then determine 
c thus. 



. log c = 



134. Prob. Given b and 



a= </ {c 

= •/{( \ 

■ .-. log a = i lo| og {• 
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135. Prob. Owen b and c to find A. 

Pint Method. 



cos A = - 
c 



/. log cos A = log b — log c 4- 10. 



Second Method. 
136. (Sin A)a = 1 - (cos A)^ 

= 1-J^ 



_ (c + &) (c ~ b) 



c^ 



c 
/. log sin A == J|log(c4-6)4.1og(c— ft)|— logc+lO. 

The first method applies when A is nearly 90^^ or 6 i» much 

less than c; the second when A is sauJl^ or b nearly equal to c 

137. Prob. Given c and A to find a. 

- = sin A 
c 

.'. a = c sin A 
.'. log a = log c -I- log sin A — 10. 

138. Prob. Given b and A to find a. 

First Method. 

- = tan A 

.'. « =r 6 tan A 
.". log a = log b + log tan A — 10. 
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Second Method. 

139. - = cot A 
a 

■ a = * 

cot A 
.". log a = log b — log cot A + 10. 
The first method is to be used when A is less, and the 
second when A is greater than 45°. See articles 102. and 127. 

140. Phob. Given b and A to find c. 

i = CO. A 
c 

• c = —L- 

COB A 

.", log c =logi — log COS A + 10. 

SOLUTION or OBLIQUE ANGLED TRIANGLES. 

141. Pros. Given and the included 
angle A to find the opp 



log sin S=log 2+^ log 
log a = log { 



58 PLANE TRIGONOMETRY. 



Second Method, 

142. Tan S = %^^ sin A 

o — c 2 

a = (6 — c), sec S, 

or log tan S=log2+J log 6+^ logc + log sin -^^ log (6 — c) 

log a = log (6— c)+ log sec S — 10. 

The first method must not be used when one of the sides 

is nearly equal to the other and the angle of inconsiderable 

magnitude. For 2 j^bc is less than i -f c by ( v^6 — \^c)^ : 

this will be very small when b is nearly equal to c, and 

therefore -T . cos-^ will be nearly «qual to unity, and 

the subsidiary angle S will not be determined accurately. 

The second method must not be used when one of the sides 
is nearly equal to the other, and the angle A of considerable 
magnitude. For in that case b — c will be very small, and 

therefore -r-^- sin -^ will be very much greater than unity, 

and therefore the angle S wjU not be determined accurately. 

143. Prob. Given two sides a and b, and an angle A 
opposite to one of them to find the remaining angles B andC. 

First Method. 

Sin B = — .sin A 

a^\ 

.'. log sin B = log 6 — log a -f log sin A 
and C = 180° - (A + B). 
But since sin B = sin (J 80° — B) it may be dubious 
whether the angle in the tablet, or its supplement, be the pro- 
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per angle. This is called the ambiguous case ; it is, however, 
in reality, ambiguous only when A is less than 90°, and a less 
than 6. For 




1. When A is greater than 90°, sine A + B + C = 180°, 
B must be less than 90°, and the angle given in the tables is 
the proper one, as in figure 1. 




2. When A is less than 90°, and a greater than b, therefore 
the angle A is greater than B, or B is less than 90°, as in the 
first case. See figure 2. - 



3. But when A i; 
is greater than A. 
this condition ; as ii 
it is doubtfij wheth 
be the proper angle 



ban b, therefore B 
— B, will satisfy 
2B'. In this case, 
(B'= 180°- CBA 
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Second Method, 

144. If the angle B be nearly 90® it cannot be found ac- 
curately by the common tables^ but by (art. 112.) 

lip = 6 sin A 

,in(«.-|)=v/»(^^) • 
.'. log p = log b + log sin A — 10 

logsin^45°-|-) = i Jlog (a -p) - log o - log 2\ -f 10. 

And since B is nearly 90°, 45° ^ will be very small, and 

will be determined accurately by the sine. 

145. Prob. Gain two sides a and b, and an angle A op- 
posite to one of them to find the remaining side c. 



First Method, 

c = 6 cos A ±V |«* — 6^ (sin Af\, 
This formula cannot be easily adapted to logarithmic com- 
putation, but it affords an algebraical method of explaining the 
ambiguous case which is here denoted by the sign ±. 

Since an angle of a triangle is never greater than 180°, 
therefore the sines of the angles are always positive. And the 
sides are proportional to the sines of the opposite angles, there- 
fore the sides have all the s^me algebraic sign. Hence a and 
b being positive, c also must be positive. 

1. If A be greater than 90°, b cos A is negative, andc is 
positive, therefore the positive sign must be used. 

2. If A be less than 90°, and b be less than a 

/. / ^«2_ ^>2 (sin A)2} which =^ Ja^— b^^ 6^ (^os KY\ 




IWP««ii»»^"»^"""^^^Wi™^^i""*^i^iP^BiP^Pil»^^—W- 
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is greater than b cos A, therefore the positive sign must be 
used^ for otherwise c would be negative. 

3. But if A be less than 90°, and b greater than a 
-/ {a^ — 6^ (sin A)*|" is less than b oos A, 
and therefore either sign may be taken, as in fig. 3, of (art. 143. ) 
where the third side is AB = AN ^ NB 

or AB' = AN + NB. 

Second Method, 

146. The angle C must be determined by articles 143, or 
144, abd then' d»ce 

c _ sinC 
a sin A 
. ^ ^ sinC 
sm A 
.'. log c = log a 4- log sin C— log sin A. 

147. Prob. Given the three sides to determine the three 
angles. 

First Method'. 

2 

Sin A = --— -v/ ?*• (* — d). (« — 6). (« — c) | 
oc 

/. log sin A = J |log s 4- log (« — «)+ log (s — b) 

+ log (s — c) I + log 2 
— log b — log c -f 10. 
This method is inconvenient wljen A is nearly 90°. 

Second Method. 



,48. Sin|=-/{ <'-^H^--" } 



r 
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A 

.\ log sin — = i |k^(s — J) -i-log (5 — c)— log 6 — k)gfc| 

4- 10. 
Tliis method is inconvenient when A is nparly 180*^. 

T%ird Method. 



U9. Co. 4 = / {^.i^} 



/. log COS ^= J |log5+logO— c)-rlogfr— logc|+ 10. 

This method is inconv^ient when A is small. Either ttie 

second or third metiiod may be adopted when A is nearly 90^. 

A 
When A is less than 90°, -^ will be a little less than 45°, there- 

. • A A 

fore the variatioD of rin -^ viU be greater than that of cos -^^ 

4) At 

and flome advantage will be derived by using the second 
method. On the contrary, when A is greater than 90°, the 
third method is prefejttble. 

150. Prob. Oiven two sides a and b and the included 
angle C jbofind the remaining angles A and B. 



First Method, 



A — B must be found from the formula 

^ A — B a — h . C 

tan — - — = J- cot --- , or 

2 a + 6 2 

log tan — g — = log (a — 6) — log (a + 6) -f log cot — 
and A 4- B = 180° — C is known /. A and B are known. 



\ 
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Second Method, 

1 ill n^* A— B a -\- b . C 
151. Cot — - — = — ^ - tan -— , or 

2 a ^ b 2 

A B C 

log cot — g — = log (a + 6) — log (a — 6) + log tan -. 



152. Prob. Given the three rides to find the area. 

Area = J (base) (perpendicular) 
= J c. 6 sin A 
= V I*. (* - «). (* — 6)- (« — c)^ (126.) 



SECTION IV. 



ON MULTIPLE ARCS. 



153, Prop. If 2 cos a ^=i x -\- - 

X 

2 V - 1 sin a = X 

X 



For — 4 (sin a)* = — 4 + 4 (cos a)« 

= — 4 + (x 



IV 






/ 7 . 1 

.•. 2 y — 1 sm a = a: — - . 



m 



154. Cor. 1. In the same manner if 2 cos a = ir« + 
then also 2 V^ — 1 sin a =x^ — ^ . 

155. Cor. 2. By addition and subtraction 

cos a 4- V — 1 sin a" = 0? 

COS a — V^ — 1 sin a = — . 



^n' 



M^ 



VP- 



** 



^r^i^^ "^KT ^"^^^ '^^'^-^ 



mmmt0tmmmriit 
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156. Prop. If 2 cos a 



2 cos — a 

n 



m 



X + - 9 then 

X 

m 1 

Xn -\- 



m 
X ^ 



and2\^'-lsi^ — a 

n 



m 

xn — 



1 



X 



m 



Firstly^ When the index is a positive integer. 
Suppose it true^ that 

1 

2 cos m a = a;"* -\ — - 

x^ 

.-. 2 / — 1 sin m a = ^« ^ (154.) 

/. 4 cos (w+ 1) a = 2 cos m a. 2 cos a — 2 sin m a. 2 sin a 
= 2 cos m a. 2 cos a + 2 V^ — 1 sin w a. 2 v — 1 sin a 



= 2a:" + i + 



:ir«» + 1 



1 



.•. 2 cos (Wl + 1) a = ^'» "*- ' -4 r-r 

and /. 2 / — 1 sin a (m + 1) a = ;r"+ ^— ■ \ , (154.) 

If therefore the theorem be true for m a, it is true for (m-j- 1) a. 
But it is supposed^ that x is of such a value that it is true for 
a, therefore it is true for 2 a, and consequently for 3 a; and so 
on, by induction, it is true for any positive integer. 
Secondly, When the index is a negative integer 
2 cos ( — ma) = 2 cos m a 

1 



= x"^ 4- 



X 



m 



= X 



— m 



1 

X 



m 
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Thirdly, When the index is a positive, or negative fraction. 

Let — be the index, m and n being integers. 
n 

Let 2 cos — a = V + - 

n y 

.-. 2 cos m a = j^" 4- -li] 

^ V by the first and second cases. 



But 2 cos w a = x"^^ 



x'^ 



,\ y« = X 
/. y = X 



m 
tn 



n 
. . 2 cos — a = iTi: 4- m 



WI 



and .'. 2 V — 1 sin — a = a?r- — — s* 

157. Coa. 1. If 2 cos a = :r 4- - and 2 cos /3=y 4- - 

X y 

4 cos (a 4-/3) =2 cos a. 2 cos /3-f 2\/— 1 sin o. 2 V^— - 1 sin /3 
.-. 2 cos (a +/3) = ary + — 

/ 1 • 

and .'. 2 V — 1 sin (a + j3) = a?y — — • 

158. Cor. 2. 2 cos (a — jQ) = - 4- ^ 

y ^ 

and 2 /"^H sin (a -~ /5) = - - ^. 

^ '^ ' y X 

159. Prop. 

y— m W / r . W 

(Cos a -4- V — 1 .s/w a)n = C05 — a ±y —1 5^» — a. 
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Firstly y When the index is a positive integer. 
Suppose it tnie^ that 

(cos X ± V — 1 sih ti)** = cos ma ±, V ^ 1 sin m a 

.*. by mtiltipl]ring by cos d ± V^— 1 sin a 

(cos a ± l/—- 1 sin a)"* + * = cos m a. cos a — sin 771 a. sin a 

± V — 1 (sin m a. cos a ^- cos w a. sin a) 

= cos (fn + 1) o ± V^— 1 sin (m 4- 1) a- 
If therefore the theorem be true for m a, it is true for 
{m -\- 1) a. But it is true when w = 1, for then both sides 
of the equation coincide^ therefore it is true for m = 2^ and 
therbfore for m = 3 ; and so on, by induction, it is true for 
aay positive integer. 

Secondly y When the index is a negative integer, 
(cos a ± ^ — 1 sin a). (cos a + ^ — 1 sin a 

= (cos a)^ -\- (sin a)^ ^ 1 

.". (cdi a ± y —\ sin a)^ * = cos a + V^— 1 sin a 
/. (cos a ± V — 1 sin o)""~ = (cos a ::p y/ — 1 sin a)** 

= cos ma+ V — 1 sin ma 
= cos(— ma)±v/^Ilsin(— f»a). 

Thirdly y When the index is a positive, or negative fraction. 
Let the index be -r- , wi and n being integers. 

(971 / . m \^ / ' " 

cos — o±v — Isin — a 1 = cos ma ±l V — 1 sin ma 
n n J 

= (cos a ± V^ — 1 sin o)"* 

by the first and second cases, 

, ^/ — r • x** • ^ ./ ■■ -, . m 

/. (cos a ± V — 1 sm a> = cos — a ± V — 1 sm — o. 

^ ^ n n 

Another Proof. 
By (art. 156.) 



Z cos — a = X-^ + 



n ^ 



TTr*^^^ 
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.'.by adding and dividing by 2 

cos — a + V — 1 sin — a = a;~ 
n n 

= (cos a 4- V— 1 sin o)« by (art. 155.) 

160. Cor. 1. (cos a +\/— 1 sin a), (cos /J + V^-^H'sin /3) 

= cos (a + /3) + a/^ sin (a -f /3). 

, 1 

161. CoR. 2. Since (cos i3— v — 1 sin/3)= ;:; / — =- . — 

^ ^ ^^ COS/3+ V— 1 8in/3 

cos a 4- V —\ sin a / /»> ./ — T . ^ ^v 

•'• n ./—I ' n = ^^^ (« - /^ + ^-1 sin (a-/3). 

cosi3 + V — 1 sin/} ^^ 

162. Prop. 

J nv ^ m. (w — 1). (w — 2) ,^ . - 
and TT == m ^a« a ^^-j — q q ^ (^^^ a) ^ 4. . . . 

7%6w, M?A«;2 m is a positive integer, 

cos W a = (cos a)"* T 

and sin ma = (co* a)"* 1". 
For cos ma -\- V — \ sin w a = (cos a -|- v — -1 sin a)"* 

^ "^ \ COS a/ 

= (cos a)"* (1 + l/^nr tan a)"* 
= (cos a)« (T+ V^^ T) 
by expanding by the binomial theorem. 
But because w is a positive integer (cds a)"* cannot involve 
any imaginary quantity. Therefore by equating real and ima- 
ginary quantities 

cos W a = (cos a)"* T ' ^ 

sin w a = (sin a)"* T'. 
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163. Cor. 1. By division 

T' 

tan m a =r -j= . 

164. Cor. 2. By multiplication 

COS m a = (cos a)*" ^ — ^ — ^ (cos a)™ 2 (sin a)-* -|- ... 

sin m a—m (cos a)"»-i sm a ^-= ' ^ ^ — ^(cos a)*" ^(sin a)^4- - 

165. Prop. Cob a = 1 — ■= — p, 4- 



1. 2 ' L 2. 3. 4 



51W a = a — _ — -— _ 4- 



a^ . a* 



1. 2. 3 • 1. 2. 3. 4. 5 



. . » • • 



ror cosa= cosm — =( cos — ) \^ — — ^ — rr— I tan — 1 + 

m \ m) y- 1. 2 V m/ 

m. (m-1). (^-2). (m-3) / ^^ a^ _ 1 
1. 2. 3. 4 V m) * " J 

\2 2w/ V3 3wi; \4 4wy \ w/ J 

Now as m is increased — will be diminished^ and tan — 

m m 

will continually approximate to — , and m tan — to a. (1.) 

m m 

cos — ) =1, wtan — = a, and—-, 
mJ m 2m 

— , — ... will vanish. 
3w 4m 



/.cos a = 1 — - — rr 4- 



a^ . a^ 



1. 2 1. 2. 3. 4 
Similarly, 



sin a = a — -z — pr— rr 4- 



a'^ , a* 



1. 2. 3 1. 2. 3. 4. 5 



.... 
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166. Cor. 1. . 

Cosa + /3isina=l+a/~l + ^"4^^=^ + ^^^ 

1. 4t V, A, O 



ttV^^ 



167. Cor. 2. Cos a*+ i/tlTsb a = e«^^^ 

cos a -^ V —\ sin cf zti e"*^^* 
/. 2 cos a = e«^^^ + c-*^^ 
and 2 V"^ sin o = e «^^ - e-«^^. 

168. All these formulae may be easily obtained by aid of 
the difTerential calculus. 

d, cos a = — sin et rf a 

= V — 1 sin a. da V — I 
r — I d. sin a = cos ad a V -^1 
.*. rf.CO« a + V^ — 1 rf. sin a = (cos a+ V^ — I sin a) rfa V^ — 1 

• <^' COS g 4-\/— 1 rf sin g __ ^ „ V^^T 
COS g + V — \ sin a 
.-. loge (cos g + V^^ siu g) = g V^ — 1 -f C 

by making g = 0, it appears that C = 

/. log e (cos g + V^ — 1 sin a) = g V —\ 

/. COS a + V —\ sin g = e^^^^ 

.-. COS -w. a -I- V — 1 sm — g = e^*^"* 

= (cos g+V — 1 sin g)"S> 

Also COS g — v^^ sin g = e"*^"* 
.-. 2 COS g = e**^^^ + e-*"^^ 
and 2 /^TTsin a = e^^'^ - --«^^ 



e" 



169. Prop. 



'^•=('-^')('-ji")('-Ji')-,- 



^ 
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By assuming a equal to any of the area 
in ^very case cos a = 0, 

V , T 3ir 3ir 

.. «--2' "2* "^'2'" "^' **'* 

and therefore 

are sin^ple factors of cos a, 

•.-._=„(,-^-)(.-j^.... 

where c =^ some constant quantity. 
By makipg a = 0, c = 1 

■■■ — {' -^ (^ -%S) - 

Again, by aaauming a equal to any pf the ares 

0, ± TT, ± 2 TT, ± 3 TT, 

in every case sin c^ = (X 
Therefore, as before, 

sin a 



But when a = 0, ""^ " = 1 .-. c = 1 

a 



170. Cor. 1. hi the expression, 
Sin« = a (l - ^) (l - ^) (l - ^). . . . 

Let a = ^ 



! TRIGONOMETRY. 



I i? — 1" # - P 6' — P 





I 1.3 3.5 5.7 
T 33. 5*. 7». . . . . 




3- 2>. 4". 6>. . . . . 
■•1 3>. 4«. 6« 


Thi 
171 


• ■ 3 3». 5-. 7'. 

expression was first given by Wallis 

Prop. 



„ , . , s (tan b") — 2 (ton a. tan Q. tan y.)A — 

Where 2 {tan a) = tan a + tan ji + tan y + . . . . 
S (tan a. tan 0) = tan a. tan fi + tan a. tan y + . . . . 
2 [tan a. tan ^, tan y) =^ tan a. tan j3. tan y + = .... 

For, by continued multiplication and reduction, 
C0S(a + /J + y + ...) + v'^T'sin(a + /3+y+ . . .) 
= (cos a + V^ — 1 ain a), (cos j3 + V — I sin /3). (cos y 
+ V —\ sin y) ... . 

= (cos a. COS/J. cosy...) { (* + V" — 1 tan a). (1 + V ~ \ 

tan /3). (1 + V'^ri tan y) ... ( 

= (cos a. cos /3. cosy. .) \\-\-V — IS(tana)— s(tano.tan/9) 

— V —\ a (tan o, tan ;3. tan y) + . . .\. 

Therefore, by equating real and imaginary quantities, 

COS (a + /3 + y + . . . ) = cos a. cos ^. COS y . . . J I 

— 2 (tan a. tan /3) + . . .\ 

sin (a + /3 + y + ...) — cos o. cos /3. cos y .. . JS (tan a) 

— S (tan a. tan /3. tan y) + . . .\ 



- tan (" 4- |(J -I-T+-.-) 



2(tana)— 2(tana.tanj3.tany]-t-.. 
1 — 2 (tan a. tan ^) + . . . 
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172. Cor. 1. If a + i3 + y = i «• 
i being any integer, 

tan (a + /3 + y) =: 
/. tan a 4- tan j3 -|- tan y = tan a. tan /3. tan y. 

173. Cor. 2. If a + /3 + y = (« + i) ^ 

tan (a 4- /3 + y) = 00 
.'. tan a. tan y -h tan a. tan y -h tan /3. tan y = 1. 

174. Cor. 3. If « + /3 + y = (f + i) ir 

tan (o 4- /3 4- y) = 1 
/. tan a. tan /3. tan y — S (tan a. tan /3) — S (tan a) = 1. 



175. Prop. 7%6 n values of [cos a ± V^ — I sin a]* fnay 
he obtained from the formula 

cos — (2 i ^ 4- a) ± V — l sin — (2 i ir 4- a), 
n n ^ ^ 

by substituting for i the integers from to n — 1.* 
For, by (art. 159), it was shown that 

fcos a ± r — 1 sm a) » = COS — a ± V — 1 sm a. 

^ ^ n n 



But there are n values of [cos a ± V —^1 sin a] •». 



* In this and the foUowing propositionsi when a quanti^ raised to a frac- 
tional power is inclosed by the ordinary parenthesis ( ), the meaning is 
restricted to the direct or arithmetic value of the function. If any whatever of 
the values which that function is capable of assuming is intended, the brackets 
[ ] are used. 

L 
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Also, if 2 i TT + a be substituted for a, i being an integer, 
the first member of the equation remains unchanged, and the 
formula becomes 



m 



m m 



[cosa± V— 1 sina]** =cos — (2i ^r + a) ± \/— 1 sin— (2lV+a). 
Therefwe, by substituting for i the integers 0, 1, &c. w — 1, 

m 

the values of [cos a ± \/^ sin a] * are 



— a ±. V — 1 sm a 



cos 
n 

cos — (2 7r 4- a) ± V'"^in"sin— (27r + a) 
71 ft 



COS — J2 (w— l)7r + a? ± V^— 1 sin— ^2(w--l)7r + a). 

After this the terms will recur for 

cos —^(2nw-{-a)±V — 1 sin — [2 nv -\- a) 
n n 

= cos \2mir -\ aj±V^— Isinf2m7r-| a) 

M ^/ 5- . m 

= cos — a ± V — 1 sm — a. 

n n 

Thus may it be shown that the succeeding terms recur. 



176. CoR. 1. If the sign of a be changed the result is 

. — w . . ^ 

[cosaHh \/— 1 sin a] " =cos— (2f ?r— -a) ± v^— 1 sin — (2 i tf—a). 



or, 



•* wi_. . m 



[cosa±\/— lsina]**=cos— (2zV— o):;:v^— 1 sin— (2?"7r--a). 
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It must not be concluded from this that 
cos — (2 i TT -f o) ± V' — 1 sin — (2 f tt 4- a) = 

cos — (2 i TT — a) ^ V^ — 1 sin — (2 i x — a) 
n n 

which would evidently be an absurdity. It only shows that all 

the values of [cos a ± v — 1 sin ajn are to be found in both 
formulae by substituting for i the integers from to w — 1, and 
it does not follow that the contemporary values of i are the 
same. To find these quantities^ suppose i and A to be con- 
temporary, 

.*. cos — (2 i TT + o) ± V^"^^^ sin — (2 i ir+a) = 

COS — (2 A: ir — o) T V — 1 sm — (2 A: ir — a) 
.*. by equating real and imaginary quantities and making a = 

COS — 2 i IT = cos — 2 A: TT 
n n 

sm — 2 t IT = — sm — 2 A: tt 
n n 

/. — 2i7r = 2 I w — — 2 k TT, I being some integer, 
n n 

. in(i-\-k) _ J 
• • — — — If, 

n 
But — is supposed to be in its lowest terms, therefore 

2 4- A is a multiple of n, but i 4- & is positive, and less than 
2 Uy .', t + A: = n, 
/. k =1 n — i 

.'. cos— (2 iir-\-a) ±/~=n sin ^ (2 i TT + a) = 

cos — \2(n — i) IT — a\ q: V^ — 1 sin — \2 («— z) w — a\. 
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177. Cor. 2. SimUarly it may be shown that all the 
values of [cos a ± V— I sina] « may be found in the fonnulse 

cos — |2 (« - i) , -I- a^ ± V - 1 sin — |2(w-f)^+a|, 

or, cos— (2 ^ r — a) h= V — 1 sin — (2 i tt — a), 
by substituting for i the integers from to w — 1. 

178. Cor. 3. In the equation 

r , . ^ m m 

[C0Sa±v^— 1 sma]«=C0S— (2i7r4-a)± ^— 1 sin — (2i ^r + a) 

let a = 

.-. [l]* = cos — 2i7r±/— Isin— 2i7r. 

Now, since cos ^ 2 i ,r = cos ^ 2 (7^ — i) ^ 

n n 

and sin — 2 i tt = — sin — 2 (n — i) tt 
n n 

/. [1]« = cos — 2 (ji —i) TT =P V — 1 sin — 2 (« — i) ir. 

Hence it follows that the values of [l^* obtained by using 
the positive sign, and substituting 0, 1, 2 ... w — 1, for f are 
the same as when the negative sign is used, and 0, n — 1, w— 2, 
.... 3. 2. 1 are put for i ; and conversely. 

179. Cor. 4. Let a = tt 

/.[_-l]n = COS — (2 i -\-l) V ±\^ — 1 sin — (2 i + 1) tt. 



180. CoR. 5. Let « = g 
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"• m , IT . m 



:. Ll/=i]-=cos-(4i+l)2±/=i sin— . (4 t + 1) 5, 



181. Prop. 

a?«-l = (^2~l) {a^-2xcos — +l)(^^-2^co5 — +1).... 

m m 

to — - factorSy when m is even, 
a;«-l=(a;-l) (a;*- 2a: cos— + 1). (a;«-2a;co« — +1).... 



^o — i — factors y when m is odd. 



For by making a = in De Moivre's formula (art. 159) 

i_ 
aU the values of [l]i» can be derived from the expression 

2 i TT / 5 . 2 i TT 

"^^ liT +v - 1 sm -^ (art. 178) 
by giving, i the integral values from to w — 1. 

Firstly, if m be even it is evident that ^ will be one of the 

values of L Hence, by the nature of equations, the roots 
of ar** — 1 = are 

i = 0, cos + /— 1 sin (= 1) 

e = 1, cos — 4- V — I sm — 

m m 

z = 2, COS — + V — 1 sm — 

m m 



m 



i =-cr ^^^ '^ + V^ — I sin ;r (=: — 1 ) 



2 
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t = m— 2 cos V — 1 sin — 

m m 

^ = w— 1 cos V — 1 sin — 

m m* 

Hence, by collecting the pairs of factors and multiplying 
them together, 

^«-_l=:(a:2_i), (ar^-2arcos?5 + l)(a;3~2:rcosi5 + l)... 

tn m 

to -^ factors, when m is even. 

Secondly, when m is odd the process will be the same, 
excepting that — will not be an integer, and therefore not 

one of the values of i, and the result will therefore be 

x^-l=(a:-l){a^-2xcos — +1) (ar^-2a?cos 1^ + 1)... 

m m 

to — i — factors, when m is odd. 



182. Prop. 

ar«» 4- 1 = (^^—2 xcos — -\- 1) (ar^— 2 a: C05 5^ + 1) . . . . 

m m 

^o ^ factorsy when m is even, 

a;«»+l = (a?+l) {x^—2xcos—-{-l)(x^—2xcos— +1).... 

m m 

to ^ ^ — factors, when m is odd. 

For by making a = tt in De Moivre's formula it appears 
that all tlie values of [— l]*" can be derived from the expression 



^^-^PM^VV^PV 



PLANE TRIGONOMETRV. 79 



(2 < + 1) TT . ,/ f . (2 i ^l)ir 

COS ^ -I- — - — + V — I sin ^ ^ — ^ — 

m m 

by giving i the integral values from to m — 1 . 



Hence, by the nature of equations, the roots of ar"* + 1 = 
are, when m is even. 



i z=z cos J!L -I- V^ — 1 sin — 

2 = 1 COS h y — 1 Sin — 

m m 

e z= 2 cos h V^ — 1 sin — 

m m 



• • • ■ ■■ • • • 



t = m— 3 cos — — V — 1 sm — 

tn m 

t = m—2 cos — — y — 1 sm — 

i == m-— 1 cos _!^ — V^ — 1 sin — 

m m* 

Hence, by collecting the pairs of factors and multiplying 
them together, 

a^ 4- l=(ar«— 2 arcos — + 1) {x^—2 x cos — + 1) 

m m 

to — factors, when m is even. 
W^ien m is odrf, m — 1 is even, and one of the values of i 

7ft •—' 1 

will be — jr — The root of :r"* — 1 = corresponding to 

this value of i will be 

cos IT -f y — 1 sin T (= — 1) 
and the factor will therefore be a? + 1 



80 PLANE TRIGONOMETRY. 

.-. af 4-l=(a;+l) (ar»-2rco8— +1) (ar'-2a:co8 — +1) .... 

m m 



to — Z — factors, when m is odd. 



183. Prop. x^^2 of cos a -^ I = (x^^2x cos— + 1] 

m 

X (x^''2xcos ?JL±3 + 1) (x^-2 X costZ±-^ + 1) 



m m 



X (x^-2 X cos 2(^-l)^-ha jj 



For, by solving the quadratic equation, 
^2m — 2af*cosa+l=0 
it appears that 

ir«= cos a ± V^ — 1 sin a 

X = [cosa ± V — 1 sin a]m 

= cos ?iJ!L±_? -t V^^^rr sin ^^'^ + « 
i being any integer from to 72 — 1. 
Therefore the values of x are 

i = 0, cos -^ ± l/^^ sin -5L 

m m 

i = 1, cos iZL±-? ± l/TTT sin ^^ + ° 
f = 2, cos i-!l±_« ± i/-^l sin ^^ + '' 



• V ^""^ • • • 



i =»i-l,cos 2 (»»-!) IT + a_^ ^—^ ,.^ 2(m-l>+a 
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Hence^ by reducing the pairs of simple into quadratic factors^ 
a?*" — 2af^ cos a + 1 = (ar*— 2 x cos — + 1) 

X (a:«-2arcos^^^-±^-fl) (a:»-2iPcos ^^ + ° 4.1) 

^ • • « 



/'o rt 2(m-l)flr + a ,. 

X (a?^— 2 X cos -^^ ^— ^- — I- 1). 



m 



184. Cor. 2('»-*')^ + ° = 2 » - ^1^^:^ 

m m 

2 (w— f) ^-l-a 2 in — a 

. . cos — ^^ ^ = cos 

m m 

.". x^ 2 ar* cos a 4- 1 = (a;* — 2 a? cos — + 1) 

m 

X (a?*— 2a: cos -^— + 1) (a:^— 2ircos 4- ] 

X (a^a- 2 ir cos t^!^-±-? + 1) (x^-2x cos ^'''"' -h 1) 
X to -9 factors. 



185. Prop. 

Cos — (2 i TT ± a) = (cos a)« (Tcos — 2iw^Vsin — 2f tt) 

sin — (2 i TT ± a) = (cos a) « (Tsm — 2iw±,T'cos — 2iir) 
n n n 

a being not > -9-^ — a fraction in its lowest terms ^ 

i any integer from ^o « — 1 , 

n \n / 1. 2 

T =^ <a« a - ^. (^ - 1). (^ - 2). ^^+ . . . 
n n \n J \n /I. 2. 3 

M 



80 
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.-. a^+l=(a;+l) (a^_2rcos^ +1) (ar'-arcos — +1) .... 
to — - — factors, when m is odd. 



183. Prop, x^—2 of cos a +1= (a«— 2x cog— +1) 

tn 

X (x^-2 X cos ll±^ + 1) (x^^2a;cosilJL3 + 1) 



X (x^-2 X cos ^(^-•l)^+a J. 

m ^ I' 



For, by solving the quadratic equation, 
^2»» _ 2 ^ cos a + 1 =0 
it appears that 

ir"»= cos a ± V — I sin a 
07 = [cos a ± V^ — 1 sin a]« 

= cos ^ijr_+a _^ ^3^ g.^ 2f^4-a 

i being any integer from to ;^ — 1. 
Therefore the values of x are 
i ,= 0, cos -^ ± /^ITT sin -5L 

i = 1, cos IjL±^ ± /^n sin 2^L±f 

i = 2, cos ijL_t_" ± y^-^-l sin ^^ + ° 



W 



w 



• • • — " • • • 






I 

I 
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Hence^ by reducing the pairs of simple into quadratic factors, 
a:** — 2af^ cos a 4- 1 = (x^ — 2 x cos — 4-1) 

X (x^- 2x009^^-^+1) (a:«-2iPcos i21±^+ 1) 

m tn 

*\ • • 4 



/« o 2(wi-l)ir4-o. ,. 

X (a^— 2 a? cos -^^ ^ — - — h 1). 



771 



184. Cor. ^ ("'-*">' + ° = 2,- ^ij^^ 

m m 

2 (m— t) ir+a 2ifl' — o 

. . cos — ^^ ^^^ == COS 

m m 

.'. x^ 2 ar* cos a + 1 = (a:« — 2 a? cos — + 1) 

^ m 

X (a?*--2 a: cos ^^— + 1) (ar*— 2 a? cos 4- ] ) 

X (ira- 2 i cos i^^-±-? + l)(^^-2a:cos ^''""" 4- 1) 
X to -9 factors. 



185. Prop. 

Cos — (2 i TT ± a) = (CO* a)« (Tco« — 2iVq:T'«tw — 2iir) 

WW — (2 i TT ± a) = (cos a) « iTsin — 2iw±Vco8 — 2iw) 

a being not >ini — a fraction in its lowest terms ^ 
i any integer from ^o « -— 1 , 

n \n / 1. 2 

n n \n ) \n / 1. 2. 3+ " * * 

M 
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For, Jiridjf^ 
cos — {2iir-^a)-{-\/^mn — (2iir-\"a)=[cqsa^ y^^ sin ay» 

= [cO«ap (T + A/=i T) = (COS a)* [Ip <T + V~i T) 

=(co8a)^ (cos — 2Air+V=i8in— 2*ir) (T+V— iT) 

i being some integer from to « — 1. (art. 178.) 

/. by multiplying and equating real and imaginary quantities 

cos— (2i,r+a)=(cos«)« (T COS — 2kir-T sin — 2k x) 
n n n 

sin -^ (2t 7r+a)=(cosa)^ (T sin —2k Tr + r cos ^2*Vr). 
n « n 

Let a = /. (cos a)« = 1, T = 1, and T = 0, 
/. cos — 2«ir = cos — 2Ar 

and sin -^ 2i ir = sin —2kir 
n n 

/. — 2i TT = 21 TT-f ^ 2 A TT, Z being some integer^ 

92 72 



. m (i—k) 



= 1, 



n 
but — is in its lowest terms, .'. i — A is a multiple of «, but 

72 

i^k cannot be less than ~ (72 — 1), nor greater than 72 — 1, 
/. i — k=z /. i = k 

,'. cos — (22*7r-|-a)=(cosa)« (Tcos — 22ir— Tsin — 2i «•) 

72 72 « 

and sin — (22 7r-f a)=(cosa)^ (Tsini?i22 3r+T'cos^ 2«V). 

72 72 72 



Secondly. If a be negative, cos a and T remain unchanged, 
but T becomes — T, 
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.-. COS — (2t ir±a)=(co8 a)» (Tcos— 2iwT Tsin — 2t ir) 
n n fi 

and sin — (2i 7r±a)=(cosa)» (Tsin^ 2iir±rco8^2tir). 
n n n 

186. Cor. 

cos^ |(2i+l)ir + a| + \/=isin ^ K*+l)^ + a| 
= COS — |2l 7r+ (^+a)| + i/^ sin — |2i ir4-(ir + o)| 

#« 7)1 
Ml 

= [cos (x4-o)4- -v/— 1 sin^ir+a)]» 

N» 

= [— COS a — ^~i sin a] « 

= [-ll^(T+Y=iT) 

/. by a process similar to that in the proposition^ 

cos — |(2f + 1) X ± a f = 
(cos a) « JT COS — (2i + 1) , + r sin — (2i + 1) ^| 



(co8.a)r ^Tsin — (2t + l)x ±T'cos— (2t + 1)»|. 

187. Prob. To find what values of i tvill caitse 

cos — 2i w to vanish, 
n 

It cos — 2t TT = cos — 4tK = 
n n 2 

— 4i = an odd integer. 
n ® 

Tit 

But since — is in its lowest terms^ m is prime to n 
n 

4i 
.*. m and — are both odd integers. 

n 
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But i < n 

.'. — < 4 

n 

.', l! = 1, or = 3 
n 

n ^ 3n 
4 4 

And since these are integers n is of the form 4 n'. In the 
^rst of these cases sin — 2i tt == sin m - = ± 1 ; .± ac- 



n 



2 



cording as m is of the form 4m' + 1, or 4W + 3. In the 

second case sin — 2i tt = sin 3m ^ = =^ 1 ; + according 

n ^ 

as m is of the form 4m' + 1, or 4m' + 3. Hence whenever 

m is odd and n is divisible by 4, 

m 



(— TT + aj = -+- (c0Sa)«T' "I 

in — (q 'T + a) = ± (cos a) » T J 
— I TT-f-aj == ± (cosa)*!^ 



COS 
n 

sin 



cos 



sm 



m — ( -— -TT + a ) = H- (cos a) « 1 

w \2 / 




m 



188. Prob. To find what values of i mil cause sin — 2i x 

n 

to vanish. 



If sin ^ 2i ,r = 
n 



— 2e = an integer, 
n 



but m is prime to n^ 
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. . — = an integer 
n 

but i < n 

n 

.-. ^ =:0,orl 
n 

/. I = 0, or -. 
In the^r*^ case the formulae become 

cos a = (cos a) n T ^ 

^ l. (See art. 162.) 

sin — a = (cos a)nl^. J 

n 
These are the common series which for a fraction are 

therefore confined to the real value of [cos a] n and to a less 
than -. In the second case n must be even^ and therefore m 

odd^ cos — 2i IT = cos m 9r= — 1 ; and the formulas become 
n 

cos — (n «• + a) = — (cos o)« T 

sin — (nir -\- a) =: — (cos a)» T'. 
n 

189. Prob. To find what values of i will cause 

sin — (2i + 1) TT to vanish, 
n 



If sin —(2i+ 1) ir = 
n 

— (2i -I- 1) = an integer 
n 

.-. &i) = an integer, 
n 
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but i < n 

n 

.•.^±l)=0,or = l 
n 

n^ 1 



.•. i = — i, or = 



The first of these is inadmissible^ because i must be a posi- 
tive integer; the second shows that n mtcst be odd. In this case 

cos — (2i -I- 1) X == cos m IT = ± 1, according as m is even 

or odd. The formulas become 

COS — (7i TT 4- a) = ± (cos a)n £ 



m 

cos 



In 

— (« TT + a) = ± (cos a)» T. 

190. Prob. To firid what values of i will came 

cos — (2f + 1) * *o vanish. 

n ^ 

If cos— (2/+ l)7r = 

n 

^"^(^^+^> = an odd integer, 
n 

but m is prime to w, 

2 f2i -4- n 

.*. m and — ^^- — - are both odd integers. 

n 

But i\% < n 

• 2 (2 z + 1) , „^_o ■ . 
n 

n — 2 3»-^2 

/. ^ = - — - — , or = — -j^ — , 
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and &eae ase integers, therefore n of the form 4 «' 4: 2. In 

ihe first case sin — (2 i + 1) tt = sin m ^ = ± 1 ; ± ac- 

cording as w is of the form 4 7n! + 1, or 4 w' + 3, and the 
formulae beooine 

cos — ( 2 '*' + a ] = =F (cos a)» T 



r^ X + a ^ = ± (cos o)» T. 



sm — 
n 



In the second case sin — (2 1 + 1) ^ = sin 3 m h = qp 1 ; 

n 2 

+ according as m is of the form 4 w' + 1, or 4 m' + 3, and 

cos — r3^7r + aj = ± (cos a) » T' 

sm — f 3^^+tt)=± (cos a)« T. 

191. Prop. 2"*"^ {cos a)*" = co* m a + m. co« (m — 2)o 

. m. (m — 1) . -, 

4 — 1^ — ^ — ^ cos (m — 4) a -(- . . . 

m (w — 1 ) .... i-^ 4- 1 j 

+ ^' 1. 2. 3 w 

2 

m 6eiw^ a positive integer^ and the last term being added 

only when m is an even number. 
For let 2 cos a = ^ + - 

X 

^ . » m. m — 1«.A 
.". 2'" (cos a)"* = x"^ ^ mx "^-^ H j — ^ — ^ + • • 

But ac** = cos m a -4- V^— 1 sin m u 

^w-2 __ cos (m — 2) a -^ V — 1 sin {m —2) a 



.'. 2* (cos a)*" = cos ma. + W. COS (m — 2) a 4- ... . 
4' V^ — 1 ^sin ma 4 w sin (»i — 2) a 4 . . .| . 
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But since m is a positive integer^ 2"* (cos a)~ cannot involve 
any imaginary quantity, therefore the imaginary part of the 
equation must vanish, 

/. 2^ (cos a)"* = cos m a + w cos (m — 2) a + . . . 
This series will terminate after m -f 1 terms; the last term 
will therefore be 

cos (m — 2m) a = cos (— w a) = cos m a ; 
the last but one, 
m cos |?» — 2 (m — 1)1 a=^m cos (2—m) a = cos (w— 2) o, 

/. 2" (cos a)* = 2 cos ma -^ 2m cos (m — 2) a + . . . 
Now if m be odd, m ■\- I will be even, and there will be ex- 

actly — ^ — pairs of equal terms. But if w be even, m + 1 

will be odd ; there will be -^ pairs of equal terms, and a 

single middle term. This will be the (-^ +0 term, and 
therefore 

m. (m — I) ^ — (-^ — l)j 



cos 



1 2 S — 



(™-2f). 



m. (m — \) .... f-^- + l) 

1. /Ct o • . . . ^ 
/. 2*" (cos a)*" = 2 cos Wl a + 2 /» COS (m — 2)a + ... 

m, (m— 1) . . .(-^ +0 



+ 



12 3 — 



.*. 2^"' (cos a)*" = COS m a ■\- m cos (m — 2) a + . . . 

m. (m— 1).. .^-^ + A 



+ i. 



1 2 S — 



■ Ill" I" i«H^^piv«iin^n^"a^^p^ni^^niv;w< 
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m. (m-1) (m-2) • • • • (|- + 2). (|- + l) 
192. Cor. 1* i-l* L 

. f(f-0 '' '■ ' 

„m.[m- 1). (m -2) . . . (^ + 2) (^ + l) 
= m. (m — 2). (ot — 4) . . . 6. 4. 2 

.«. (»,- 1). (m-2) . . . (I- + 2) (^ + 4) 
= ^- m.(rn-l).(rn-2).. 3. 2. 1 X 1- 3- 5.. (««-l) 

..(_!). ... (f + 2).(|-H) ^,3.,...^,_^) 

0*2 !• 3. 5 m, (jn — 1) 

"^ 12 3 '^ 

<4 



/, 2" ^ (cos a)"*=cos wi a^m, cos (wi— 2) a-f-. . . . 
+ 2 



Jl"' 1. 3. 5 . . . . m. (m — 1) 



1. /i» O . . . . -— — 



193. Prop. When m is a positive integer of the form 
4 rd' A- 2} ^"^ ^^^ "^** ~ ~ <cosma — m cos (m — 2) a 

+^?l^il CO, (m-4) «- . .to - .erm | ^ ^ '"•("»-^)- (f + Q 
1-2 2 J 1 o ^ 

2 

4 m' i 3/ ^"' (*^^ ")"* ~ — 1*^^ m a — m sin (m — 2) a 
+ — Y — 9"" **^ (^ "" ^)" — ... to — ~ — terms. V <; 



N 
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Let ^V'^ sin a = a? — - 

, ^ w. (m— 1) 

/. 2« (V — l)** (sin a)"'=a?"*— ww:"»-2+ — j — 2~"^ ' ' ' 

But x^ = cos ma -f \/ — 1 sin wia 

^w-2 -_ cos (m— 2) a+l/^ sin (m— 2)a 

• • • ^— • • • • 
2»» (\/ !)»« (sin a)"* = cos m a — m cos (w — 2) a +.. 

-f V^3l|sinwa— wsin(w— 2)a+ ..|, 
Now when m is of the form 

4 m', (V^'^inT)- = (/^y«' = (-1P"^= I 
4 m' +2(v/'^n'r = (/"^T)*"»'(\/^^^=-l 
therefore, in these cases, by equating real quantities, 
2'» (sin a)"== ± |cos ma— m cos (m— 2) a+ . . to (w4- l)terms| 

= ± |2cos m a— 2 m cos (m— 2) a4- • • to — terms 

T— + 1^ 
m. (m— 1) . . .\2 / 






-^} 



. 2~-r(sin a)"»= ± Jcos w a— m cos (m— 2)a + • • -^ 

\ m. (m— 1) . . . \^2 / 

2 

When m is of the fonn 
4m' + 1, (V""^^)"* = (y"iri)4m' v^"Zi; = /"ITl 
4 m' + 3, (y^XY = (/^rT)4m' (v/'Zn)3 =- (\/"^^ 
therefore, by equating imaginary quantities, and dividing by 

2** (sin 0)"= ± Jsin m a—m sin.(»»— 2o + ... to m+ 1 terms] 
= ± J2sin m a— 2m sin (m— 2) a 4- ... to ■ ^ terms| 

.•.2'«-' (sina)~= ± Jsin ma— m sin (m— 2)a + . .to — i-terms| 
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194. /r C =CM^a+~. co^r— -2)a4- ... 
•^ " n n \n J 

„ = sin — a -I- — sin ( — ~ 2 )a 4- . . 
a being less than ^,andi any number from to n^-lythen 

(2 COB a)? = 3* "• + ?^ _ ^2" + « . 



n n 



For, [2 cos a] » = (2 cos a)^ (cos^ 2i 7r+ V'-i sin — 2i7r) 

n n 

i being any integer. 



Let 2 cos a = 07-1-- 



and .*. X = cos a -|- \/ — 1 sin a 
/. [2 COS a"|» = [a:]« + — [a?]* + 

49 



• * • 

7i ■ " 



= eos^ (2*^ + a) + V^— Isin —{2kw+a) 



• . 



+ . 



.•.(2cosa)^(cos^2i,+/3Tsmf2tV)=C2^,^^+l/Z:TS2,,+ 

.*. by equating real and imaginary quantities 

(2 cos a)« cos — 2l TT = C ^ . 

^ ' n 2* AT +a 



(2 cos a)« sin — 2iw= S„^ 

By making a == 
2» cos — 2 f TT = C ;, . 



= cos^2A^+ fLcosf^-2W,r-|-. 
« n \n / 
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wi rt f , m Wot 
= cos — 2k w -\ cos — 2 kw -\- , . . 

n n n 

= cos^2 Air (I + 1)^ 
n 



m 



m 



= 21* cos — 2 A TT 
n 



.'. cos ^ 2 i ir = cos ^ 2 ^ TT, 

n n 

and by restricting the values of i and A: to 0, w — 1, and the 
included integers, as in art. 185, i = A, 



. /o \- Csiw + a 

. . (2 cos o)» = — 



COS » * TT 



.'. (2 COS a)n = 



72 






sm — 2 ^ TT 
n 



195. OoR. By division 



m 



■in o • 

c„. Sin — Z I IT 

™L« = Vl = ten 5.2ix. 

2i TT + a COS — 2 t IT 

n 



in/5 -b it^ X? ^(2i+l)7r4-a ^(2t+l)ir+a 

196. Prop. (2co«a)'*= -^ ^ = — ^^ ^^^- 

e^'^ (2i+l) TT ^•>^- (2i+l) ,r 



the same notation being used a^ in art. 1^4. 



For, by art. 179, 

m M in 

[2 COS (7r + a)P = (2c0Sq)» [— l]" 

= (2 COS a) « Jcos — (2f + 1) TT -4- v^Zli sin — (2i+ 1) 7r| 

71 7i 
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Let 2 cos (TT+a) = ar -I- -, ora?=eo8(7r-ha) + v^Z:isin(7r + a) 

races (7r + a)j« == af«H . X* A . -^ OOn + . , 

= C08^ |(2*4-l)'r + a| + V~isin- l(2k^l)ir + al 

+ . . • 

(2*+l)ir+a (2*+l)T+a. 

Therefore, by operating as in the art. 194. 

(2< + 1) IT +a 



m O 



(2 cos a)" = 



cos— (2e + l) TT 



^ /o n5 ^(2< + l)7r+a 

and (2 cos a)* = 



sin — (2f4-l) X 



197. Cor. 



S, , sin-(2i+l)ir 

(2 < + 1) 7r+ a n ^ ^ ^ ^ ^ /n- 1 v 

-^ = t= tan — (2*4-1) TT. 

^C2t' + 1) ttH- a COS— (2i+l) TT 

198. Prob. To find yphat value ofi will cause C 

•^ -^ 2<7r+a 

^o vanish. 

Because (2 cos a)** = — 



cos — 2e TT 



If, then, C =0 

^ 2 1 TT + a 



i 
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/. COS — 2Zir = 0. 

n 
This (see article 187) will never happen^ except when m is 
odd^ and n divisible by 4. In this case^ by making 

i = -, cos — 2 1 w = cos m - =0: andsin — 2 z tt = sin m - 
4 n 2 n 2 

= ± 1; ± according as m is of the form 4 m' + 1, or 4 m' 4-3. 
Bymaking i= -j-> cos — 2i tt =cos 3 m ^ = 0; and sin — 2i t 

= sin3m-=H: 1; up according as m is of the form 
4 m' + 1, or 4 m' 4- 3. 

m 
.-. (2cosa)« = ± S 



ii?r. 



2 
m 

and (2 cos a) « = + Sg^ 

199. Cor. 1. As in art. 188, whatever be the values of 
m and «, when i = 0, S^ = 0, and (2 cos a)«= C . 

This shows that the common series ( 191 ) is confined to arcs less 
than 5 and to the real value of [2 cos a] «' 



200. Cor. 2. When m is odd and w even, by making « =- 
sin ^ 2 1 T = sin m w- = ; and cos m ir = — 1, (188) 

••• 82,^^,= 0, and (2 COS a)^ = - C^ ^ ^ 

201. CoR. 3. When w is odd, and n = 4 n' 4- 2. 
By making t = — — (see art. 190) 
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COS — (2 I + 1) TT = COS — TT = ; and sin — tt = ± 1 ; 
± according as m = 4 w' + 1, or 4 w' + 3. 

(2 cos a)« = ± S- 

•^ ^ T + a. 

By making i = ^^"^ 

cos— (2i7r4- 1)^= cos3-^7r=0; andsin3^7r=q:l; 
n 2 2 

qp according as m = 4 w' + 1, or 4 w' + 3. 
and (2 cos a)? = T 83^ ^ ^ 

2 

202. CoR. 4. When « is odd, (189) by making 

i = — --— sin — {2t+l)w z=smmw=zO: 
Z n 

and cos wi t = ± I ; ± according as m is even, or odd ; 

m 

and (2 cos a)n = ± C 



203. Prop. 



Mt m ' AM m 



[a;+ A/(a;«-l)]» = [v/-i] » X + -:^ [/-i]--' X'. 

;^2•r2■^^v•^ ;• 1:2:3:4 "••• 
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For, let w = [^ -f l/a;*— 13 « 



m 



u 



' ' dx ^ n ^x^—\ ^ y'a?* — 1 

But, 

^^ = ... + (,^-r) A,ar'-*+ (r^+r) A,+ia^» + (r+ 1) (r+2)A,^,a;'+, 

.... + (('^-5)Ar - ('•+1) (»-+2) A,^) «:'•+ ....=0, 



(S-) 



•". A,+,- -A,. _^^^^^-j-^ 



w2 



• A -^ A 



w^ 



W2' 



A — A '"' ^^^ ^ 

A,= — A^. — 



.g — --^o* 



1. 2. 3. 4. 5. 6 



A A (S-") 

A,— —A,. - 



2. 3 
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, ^ (5-")(g-^ ) 

*"■ »• 1. 2. 3. 4. 5 

, ^ ( 5--)-(5-^)-(5-^) 

«"" ^" 1. 2. 3. 4. 5. 6. 7 



But, by making x = in u, and -r- 



m m "• 



A„ = [v/-i]« and A, = _ [/-i]-"' 






72 



204. Cor. If m = [• 1 — y^ + y v^lTl] • 

and by a process similar to that employed in the proposition, 
[V^l __y2 4.y/_ i]» ^ [l]aY+— [1] ^ l/^V, 






205. Prop. When m is an integer of the form 
4 m' cos m a z=i C, 

4 m' 4- 1, cos m a z=i m Cy 
4 m' + 2, C05 ma =z — C, 
4 W 4- 3, C05 m a = — w C* 
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C = COSa- (m«-l») ^^^i^ + . . . 

and a = any arc whatever. 
For, cos m a -f V^^ sin m a = (cos a + \/^ sin a)*" 

= (cos a + / (cos a)*— 1)"* 

But, if w = 4 w', 

(/ZD*" =(-l)2«'=i 

.*. by equating real quantities, 
cos m a = C. 
If w = 4 »i' -I- 1 

.'. by equating real quantities 
cos ma ;= m C\ 
Similarly for the other cases. 

206. Cor. The formulae for sin m a obtained in the same 
manner would have been, when m is of the form, 

4 m', sin w a = -- w C, 

4 W + 1 , sin m a = C, 

4 wi' + 2, sin m a = »i C, 

4 /»' + 3, sin m a = — C. 
Tliese formulae are useless, since the series C only ter- 
minates when m is even, and C when it is odd. But, by 
differentiating the equations for the cosine, when m is of the 
form. 

At' . r (w*— 22). ^, 1 

4 w , sm 7» a = — m sm a ^ cos a — -T—Q-q (cosa)^+ . . r * 

4 m + 1, sm w a = sm a -{ 1 ~ , o (cos aj^-f . . [ > 



> I 
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.4 Tfd -f 2, sin wa = m sin ajcos a ^03 ^ "'^ +•••/' 

\rd + 3, sin ma = —sin ail— , ^ (cosa)*-f ...j , 

which formulae have not the same defect, but all of them 
tenninate. 

207. Prop. 
Co.f (2ix±a)^Cco.^(4i±l)^+^C^f--l)(4i±l)| 

and 

nin ^{2i.±a)=C«i«^(4i±l)|+^C'««(^-l)(4i±l)J 

a = any pontwe arc not > 5 
and i = any integer from to n — \, 
For, firstly, 

Cos — (2i TT -f a) + /^^ sin — (1 f tt + a) = 



[cosa + \/ - 1 sin a]- = C[/« 1]« + — C'[/- 1]-"^ 

= c(cos-J(4*+l)^+/^sinf(4&+l)^) + 

^C'(cos (^-l)(4*+l)^+/^sin(f ~1)(4A+ 1) ^ 

A being any integer from Oton— I, 



.-. cos — (2i»+a) = Ccos— (4* + 1)^ + 
n n ^ 



^C'cos(^-l)(4A+l)5 <^, - 



c r r o ;. 



o 




/ 
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8in —(2iT + a) = Csiii— (4A + 1)^ + 

To determine A, let a = ^ /. cos a = 

.-. C = 1,C' = 0, 

/. COS — (4 ^ + 1) 75 = cos — (4A + I) 75, 

^ /'A * -IN "T • ^ /il 1 . in'"' 

sm — (4e + 1) 2 = sm— (4* + 1)^; 
but i and A: lie between and w — 1, therefore, as in art. 185. 

.'. cos — (2 « x -f a) = C cos — (4 e + 1) o + 
^Cc»(^-.)(4i+l)|. 

sin — (2 i TT -I- a) = C sin — (4 i + 1) | + 

/it rv ^ 

=.C»n(^-l),4*+l)|. 
Secondly y cos — (2 z ir — a) = cos — |2 (;i— i) ir 4- of > 

/if /w 

sin — (2i X — a) = — sin — J2(w— i)7r-f a?. 
Therefore by substituting, and remarking, that 
— |4 (» - t) ,r + 1| ^ = 2 j» ^ - _ {4e - 1) g, 

it follows, that 

cos — (2f TT — o) = C cos — (4i — 1) 75 + 
n ^ ^ n 2 
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sm — (2 « TT — a) = C sm — (4 i — 1) o + 
** ft ^ 

_C sm(--lj(4.-l)g 
•. cos ^ (2£ T ± a) = C cos^ (4t ± 1) ^ + 



2 

m ' 

n 



C'cos(f _l)(4.-±l)| 



W x^ . X ^ . W 



and sin — (2 i ir ± a) = C sin — (4^-1-1^-4- 
n ^ n ^ ^ ^ 2 

^e«n(=-l)(4ii.,I. 

208. Prop. To find what vcUites of i will cause 
cos — (4 i ± 1) ^ ^o vanish. 



In this case — (4 i ± 1) = an odd integer. 

But 4 i ± 1 = an odd integer, 

.'. m and =:^ — and .'. n are odd integers. 

But i is not > w — 1, 

4i ± 1 



n 



not > 4, 



4 2 ± 1 _ . n 

= 1, or ^ = — 



n 



w 4 



Firstly^ If w = 4w' + 1 

w — 1 , 

I = — 3 — = n 
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I = -—^ = W + i 

3«— -1 Q ^/ I 1 

^ = 5 — =1 o n 4- f 



z = 



4 
3/* + 1 



= 3 ;«' + 1. 



4 

But because i is an integer, the second and third values 
must be rejected. For the two remaining values of i the for- 
mulae become 

cos — ( — 5 — rcA^aS = C cos wi 2 + "^ ^ cos(m— «) 2 

= — C sm — TT- = ± — ^ 
w 2 w 

± according as m = 4 m' + 1, or 4 m' + 3 
cos ^ f^" + ^-a) = ± ^ C, as before. 

The results show, that the two cases are essentially the same. 
This might have been known from the consideration, that 

And consequently the two arcs have the same cosine. 

Secondly, If w = 4 w' + 3 

n — I , 1 

I == 3 — = w + -5^ 



2 = 



;, = 



^ = 



4 

y^ 4- 1 
4 

3y^— 1 

4 
3;^ + 1 

4 



= 72' + 1 



= 3r/+ 2 



= 3w' + I , 



.-. the values required are ^-^[ — ,and • — ^ — , and for them 
the formulae become 



COS 
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m fn + 1 



— ( rz TT — a J = Ly COS M rzA 1^ COS \m — 71] r: 

n\ 2 / Z n ^ ' 2 

= CsinmH= T — vJ 

n 2 n 

:+: accordingas m = 4tm' + 1, or 4 w' + 3 

— ( — o — ir -\- a ] = — Csin3m^=qh — C . 
n \ 2 J n 2 71 . 

These two cases^ therefore, are really the same. 



209. Prob. To find what values of i tvill cause 
(m 



cos 



cosi 1 ) (4 i ± 1) rt ^0 vanish. 



In this case {m—n) = an odd integer, 

.'. as in the last proposition 

4 '/ ■*" 1 
w — w, and — =^^ — and n are odd integers, 

n ° 

and .'. m an even integer. 
Hence when w = 4 w' + 1 , the values of i are 

— 3 and — ji— . The results are 

4 4 

m f n — \ \ ^ 

cos — ( — o — 'T 4- a 1 = ± C, 

± according as m = 4 »i', or 4 w' + 2 

m f3n-\-l \ ^ p, 

"^^ -^ 1—2- - - «j = ± C. 

Therefore both cases are the same. 

When n = An' -\- 3y the values of i are 

— i — and 3 — . The results are 

4 4 

m /n-\- I \ p 
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m /3n— 1 \ . 

^^« T (-2— + " j = ^ 
Both cases are therefore the same. 



210. Prob. To find what values of i will cause 

m 

n 



sin — (4 i ± 1) o to vanish, 
n A 



In this case m. = an even integer, 

n 

:, w is even, and /. ?? is odd, and 

= an odd integer. 

n 

Therefore, as in the former cases, the results are, 
when w = 4 w' + 1, 

. m /w— 1 . \ . ^ r^ 

sm — I— nr"*+"J =— '::r^* 

n \ V, / n 

. m/3w+l \ .^r" 

sin — 1 — 5 — ir— a) =±— c. 

n \ 2 / n 

The same case. 

When 72 = 4 w' + 3, 

sin — I— o—'^"""] =— ^^' 

. w/S^i— 1 .\ _L_^n' 

sm — I- — 5 — ^4-a) = ±— ^• 

w \ 2 / n 

The same case. 



211. Prob. To find what values of i will cause 



in ^^ -. 1W4 i ± l) I to vanish. 



sin 



(4 i -+- 1\ 
— - — ) = an even integer. 
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. . == an integer, 

.'. n is odd, "and m — n must be even, 
/. m is odd, and the results are. 
When n = 4 »' + 1, 

. m /»— 1 \ _. 

'"^n: 1-2- '^-V = ^c- 

The same case. 
When « = 4 w' 4- 3, 

m- {-^ .-a) = ± C, 

^"T (-2- +-j =±C. 
The same case. 



sm 



212. Prop. When m is an even integer y cos m a = S, 

when oddy cos m a = -r — 

da 

«.henS = 1 _ m^<^ + n^. (m« - 2*). ^g^^ _... 
anrf S' = «« a - (m»-l«). ^^ + . . , 

Cos m a + V^— 1 sin w o = (cos a -|- V^— 1 sin a)*" 

= V'l— (sin a)2 -I- l/HT sin a)« 



m-i 



=; [l]^S+m[l]"2-/— IS'. 
By equating real quantities, 

m 

cos w o = [1]^ S = S, if m be even. 
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If m be odd, this series is useless, since it will never termi- 
nate. But, by equatmg imaginary quantities, 

sin w a = w [1] ^ S', 

«^ rfS' dS' ^ . ,, 

/. COSWa = [1] * rf^" = 'dZ' ° ^ ^ ' 

= COSa I 1 — (w* — A ) — j -o r "Y 

which formula will terminate. 

213. Cor. The corresponding formulae for the sine are, 

1 rfs 

when m is even, sm »i a = — -- • -j— 

vn da 

-j^. (sin a)^ J 

= m cos a Jsm a — (m* — ^^). , q q +•••$> 

and when m is odd, sin wi a =: m S . 

214. Prop. 
Co«— 2i TT ± a) =S co« — 2eirT - S'^tw (— — I 1 2tir, 

and 

^i;! — (2 i TT ± a) = — Sco«(— — l]2t7r±S8zn ~2t 
71 ^ ^71 \7^ J n 

„ W» (OT« a)^ . w»^ ^m' oaN (*in a)* 

«>hereS = l-^^y-^+-^\^-^) 1:2:3:4 -•• • 

a = aTiy positive arc not > -^ , 
and i = aTiy integer from to n — }. 

For, firstly, 
cos — (2iTr + a) + /~1 sin (2i TT + a) = [V^l-^(sin a)^ + v^ZITsin a] 

72 



ir> 



PLANE TRIGONOMETRY. 107 

= [l]*'S + -V^-l [!]*(--' )S', 

= S (cos — A: IT + i/^ sin — kr] 
^ n n 

+ ^ S' I ^—i cos (— - 1) * ,r - sin (— - 1) * T I, 

k being any integer from to n -r- 1. 

.-. C0S^(2i,r + a)=Sc08^-*ir-^S'8in(J?^ - 1) * ir, 

71 nnn 

sin ^ (2t T+a)= S sin ^ * «■+ ^S'cos (^ - 1) * ,. 

Let a ^ 0, .'. sin a = 0, 
.-. S = 1, S' = 0, 

. . COS — 2 1 IT = COS — 2 k IT 
n n 

andsin^2i7P=sin^2*,r 
n n 

.\ 2 i = 2 *, 

/. cos ^ (2t ^+a) = Scos^ 2i7r- ^S'sinf^ - l) 2i n, 
n n n \n J 

sin ^,(2iir+a) = Ssin-^2iirV -S'cosf^ - \\ 2t ir. 
n w w \ » / 

Secondly y 

cos — (2«ir— a) = cos — \2 (W— f) ir + a|, 

sin^^ (2tir-a) = -sin^ {2 (n-t) »+o|. 
n n 

— 2(«-»> = 2TOir- — 2 1 ,r, 

n n 

(^ - A 2 (n-t) ir=2 (m-n),r-{p.- \\2iir, 

:. cos ~- (2i»-a) = S cos ^ 2i,+ ^S'sinf^ - l") 2i », 
n n n \» / 
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sin a (2i 7r-«)= ^ S' (k)fe f^ ^ l\%i it^S ton — 2i ^. 
« n \n / n 

. 215. Cor. 1. Similarly, 
cos - |(2i4 l)7r±l|=Scos ^ (2e+l)x3?: -S'sinf^ -0 (2i+l)x 

sin ^ |(2i+l)ir±a|=^S'cos(^ -l)(2l+l)7r±Ssin^(2t + l)ir. 

216. Cor., 2. To find when the coefficients of S and S' 
vanish, see articles 187, &c. 

217. Prop. 

t£7A6n m i« a positive integer y and cos m a cannot be 
developed in a series of descending powers of cos a when m 
is negative, or fractional. 

By De Moivre's formula, 

cos m a -\- V^ — 1 sin m a = [cos a 4- v (cos a)***- 1]"* 

cos ma— V^— 1 sin w a = [cos o — V^(cos a)* — 1]"* 

Let 7-i-r-- =? ^, and [1 + VT^T + [1 - V'r^]"'=« 

(cos aj^ 

Then, by M'Laurin's theorem 






2 



.-. 2cosma=tcosa]'»+(^)[cosa]~-2+^Y [cos«] 

But w = [1 + v'r^]'» + [1 — -/Ttr^]*" 
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— 7n, 



+ — ^f[i + vT^]»+' - [1- v'r^]"-»)| 

• • • • " ^ •••••• 

(S) == " ^{/«.(m-l)(m-2)(2-"3_o«-3) 



Now, if m be a positive fraction, and r, r + 1 be the inte- 
gers respectively less and greater than m, the lowest index 
of in the (r + l)ih term will be > zero. This term, 
therefore, and all which precede it, will be finite. The suc- 
ceeding terms will be either + oo , or — oo . The series, 
therefore, for a fractional value of w, is useless; the same 
will evidently obtain when m is negative. But when w is a 
positive integer, the coefficient will vanish before the index of 
becomes negative. The series will therefore be finite, and, 
by reduction, becomes 



• • • 
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COS w a = 2*""^ (cos a)*— m 2**"^ (cos o)*^* 
-f — ^—^ — ^ 2*»"* (cos a)**^ — 

/. 2 cos »i o = (2 cos a)"* — m (2 cos a)"*^ 

tn. (in — 3) ^rt \«.A 

+ , o — ^^ (2 cos o)*» * — . . . . 

Since the same result will necessarily be produced as 
when cos m a is developed according to the ascending powers 
of cos Uy any further consideration of this series will be 
superfluous. 



SECTION V. 



ON TRIGONOMETRIO SERIES. 



= COS 



218. Prob. To sum this series 

sin (a + /3) + sin (a + 2/3) + ... + sin (a + « /J). 

Cos f a + « j3 — ^J — cos (a + nfi +^j 

(a +(2n-l)^ - cos (a + (2n + 1) |) 

3 
= 2sin (a -4- 7* j3). sin S . 

Hence, by giving w the values 1, 2, 3 .... n, the following 
equations are derived. 

2 sin (a -4 i3). sin^ = cos (" + 5) — cos (« + 3o) 
2 sin (a + 2/3) sinS = cos («4-3Sj — cos (a + SHj 
2 sin (a + 3/3) sin^ = cos fa + 5^j — cos fa +7^1 



• • • 



2sin(o + wj3)sin^=cos(a-f (2« — l)^j — cosra+(2»+ 1)Q 

therefore, by adding and putting S„ for the sum of the series to 
n terms 

2 S, sin| = cos (a + D - cos (a + (2 n + I) |) 
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«/3 



sin 

• • 0-, = - 



= 2 sin (a +(« + !) I), sin ^ (96.) 
in (a + {« + !)§. sin ^ 



'« 



sm^ 

219. Cor. 1. The value of S^ cannot be determined. For 
it is evident that the terms of the series neither increase^ nor 
decrease^ ad infinitum. And since they are all finite^ and are 
positive^ or negative^ according to the magnitude of the arc^ 
the series will alternately converge and diverge, ^nd therefore, 
its sum to an infinite number of terms cannot be expressed. 

220. CoR. 2. If the w** terpa be of such magnitude^ 

that a + (2;2 + 1)1 = ^^'+ ^'1 
cos^o + (2 « + l)|j =0 

_ COs(a-hD 

2 sm^ 
' 2 

2$Jl. Cor. 3. If a + {2;2 + 1)| = 2i * 
cos (a + i^n + 1)|) = 1 

cos (a 4- ^j — 1 

. c ^ ^' 

' ' ^n — j2 '■ 

2 sing 
2 



(- 'I + 1>) 



sin^ 



■WR." 



-«— ■•'^■■■-"^"■^■i 



PLANB TRTOONOMBTRY. 



113 



222. Cor. 4. If a + (2n + 1) g 



= (2t + 1) , 
cos a + (2 « + 1) g = — 1 



/J 



cos la + ^ 



(' 



+ 1 



2 8m^ 
2 



_(- (i + 1))' 



• /3 
sm- 



2^. Cor. 5. Let o = 



8in/3 + sin2/3-(-...-|-sinR/3 = 



sm(«+l)|sin^ 

^ — ns 

^5 



224. Pros. To stim the series 

Cos (a + /3) 4- C0« (a + 2 j9)+ ... + C05 (a + nfi), 

2cos (a 4- « /3). sin ^ =sinta+(2n + l)|j-_sin f a+ (2w— 1)| j 

Hen9e, by giving » ^he valups 1, 2, 3 . . . w, the foUowing 
equations are derived : 

2cos(a+^). cosh =sin u + 3^— sin/'a + |j 
2cos(a + 2/3).sin^ = sin (a + 5^^ — sin /^a + 3^] 
2cos(a+3/3)sin|=: sin (a + ^g) — sin /'a + 5|) 



.... 



2cos(a+wj3)sin|=sin^a +(2w+ 1)^— sina-f (2n— 1) | 
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therefore, by addition, 
2 S«. sin I = sin ((a + (2n -h 1) |)- sin(a + f) 

= 2cos^a + (w + 1)0. sin^ 
cos /« + («+ 1) Ij. sin ^ 

^_ • 



s.= 



• /3 
sing 



The same result may immediately be obtained by putting 
~ 4- a for a, in art. 218. 

225. CoR. 1. For the reasons given in (art. 219.) it is im- 
possible to express the sum of this series to an infinite number 
of terms. 

226. CoR. 2. When a 4- (27i + 1) | = i ^ 



•*. o 



sin (a + {2n+l)|^=0 ,. 
sin (a + I) 



2 sin ^ 








227. Cor. 3. When „ + (2« + 1) ^ = (4 1 + 1) ^ 

sin (a + (2«+l)D = 1 
_l-sin(a + |) 



.*. Sn — 



2 sm 75 

4W 



1 + cos 



(i+" 



+ k 



2 sin ^ 
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smg 



228. Cor. 4. When a + (2ra + 1) | = 

sin (o + (2« + l)D = 
1 + sra (a + 2) 



(4f+3)| 
- 1 



S.= 



2 sin I 



Vi 



1 — COS 



(i + ° 



+ 2. 



2 sin n 






Sing 



229. Cor. 5. Let o = 



/3 . np 



cos(n — l)^sin-^ 
.'. cos /3 + cos 2 /3 + . . . + cos n /3 = „^ ^^. 



. /3 
sing 



230. Prob. To sum the series 
sin (a 4- /3) — sin (a 4. 2/3) + . . . . T w» (a + n /3) 
^ according as m is even, or odd. 

In the formula 
2sin(a4.n/3)cos^ = sin^o-f (2;j + l)|j +sinU4-(2w— l)g 
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by giving n the values 1. 2. 3 n 

2 sin (a^-f /J), cos I = «n /a 4- 3 |j sin (« + 5) 

— 2 sin (« + 2/3). cos ^ = — sin fa +5|j --sin fo +3|j 
im (a + 3/3) eAs I = siri {^ +70 + sib (^i +«D 

T2sin(a+n/3)coi^=Hisin^a+(2«+l)^q:sina+(2«— 1)| 

IhereforCj by addition. 



2 sin 



2 S„ cos 



.. "^ V — ^ 

8|= ±8m (« + t^n+l)|) + sin (a + D 



.". S|, = 



=F sill a + (27i + 1) H + sm /'a 



+ s 



$Jcos| 



JRrstly, If » be even 

^^ cos («+(«+ l)|).sin^ 



S. = 



cos I 



Secdkdly, 1^ n be odd 

sin (a + {7i + 1) §) cos ^ 



S- = 



cos I 



231. Cor. Let a = 



. sin /3— sin 2/3+ ... — sin2«/3= — 



cos(2w + 1)§ sin«0 
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sinjS— 8in2/34- ... +«in(2« + l)/3 = 



sin (71 + l)li. cos(2» + 1) 2 



cos S 



232. Prob. To sum the series 
cos (a + /3) — CO* (a -f 2 /3) 4- . . 
according as n is even, or odd. 

In the fijhnula 



c6s (a -^ nfl) 



2 cos(o -\-n(3i). cos|= cos T a + (2n+ 1)| j + cos (a + (2» — 1 )|^ 
by ^ving n the values 1, 2^ 3 n 

2 CO* (o + j3) C0SH = G08f tt + 3^J + C08( a 



\ +2- 



— 2 COS 



(a+2/3) cps 1= - COS ^a ^5^'-co&(a + 3^^ 
2 cos (a + 3 /3) cos § = cos fa + 7 2] + cos (0+ 5^1 

q: 2cos(a + ;j/3)cosi|=q:cosra + (2« + l)|WcosU-|-(2«— -1)^ 



therefore, by addition^ 



2 S„ cos § = H^ cos 



cos ( a -h I 



.*. D« — 



fa +(2«+ 1)|) + COS ( 

qicosU + (2 n + 1)D +cosr « + | 



2 cos I 



Firstly, If « be even 

sin f^a + (W + 1) Sy SHI 



S- = 



._ nfl 
2 



/3 
cos^ 



118 PLANE TRIGONOMETRY. 

Secondly, If ;i be odd 

^ cos U + (w + 1)|1 cos -^ 

On ^ '. , 

COS- 



233. CoR. Let a = 



.•.C08/3— C082/34- ...— cos2»/J= 



Q 

sin (2;? + 1) ^ sin «/3 



/3 
cos^ 



cos (« + 1) /3 cos (2» + 1)5 
COS/3—C082/34. ..+cos{2»+ l)j3= _J T- 

234. Prob. To sum the series 
X sin (a + jS) + 0?* sin (a + 2/3) + . . . -{- a^ sin {a -^ n /3). 

Sin (o + n /3 4- /3) + sin (a + » /34-i3) =2 sin (0+ n fi) cos ^, 
/. 2 a:"+*sin (a+w/J) cos/3 = a:«+'sin Ja + {« + 1) /3| 

4. 0?"+^ sin fa + (« — 1) /3^. 

Hence^ by giving n the values 1, 2, 3 n, 

2 x^ sin (a -f /3) cos /3 = a?* sin (a + 2 /3) -f ar« sin a, 

2 a?3 sin (a+2 /3) cos /3 = ^^ sin (a+3 /3) +^' sin (a + i3), 

2 a:* sin (a+3 ^) cos /3 = a:* sin (a+4 /3) ^(X^ sin (a+2/3), 

= + 

2ar«+isin(a+ w/3) cos/3 = ^'»+* sin | a + {« + 1) i3| 

+ ar«+* sin f a + (w — 1) /3|. 
Therefore, by addition, 
2a? S« cos /3 = S«— ar sin (a4-/3)+a;«+i sin |a+ («+l)/3| 

+ x^ S„ +a?* sin ar-a''*+® sin |o + n^\ 
:. Sn(l— 2a:cos/34-.2r2)= a? sin (a-f/3)— a?^ sin a 

— ar«+i sinja -f (w+1) /3^ + ar«+« sin (o-hw/3). 
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235, Cor. 1. By differentiating and multiplying by x, may 
be smnmed the series 

a? sin (a+/3)+2ar2(sino+2/3) + 3a?''8in (a+3/3)+ . . . 

And, by repeating the operation, the series 
X sin (a+/3)+2* x^ sin (a+/3)+3~ x^ sin (a+3/3)4- . . . 
may be summed. 

236. Cor. 2. By multiplying by x^^y differentiating and 
dividing by a?***^, may be summed the series 

r 2:sin (a4./3) + (r-4-l) x^ sin (o+2/3)+ ... 

And, by repeating the operation, 

r* X sin (a+/3) + (r-f l)«ar* sin (a4-2 /3)4- . . . 
may be summed. 



237. CoR. 3. By dividing by x, and integrating, may 
be summed 

ar sin (a + /3) + -|- sin (a+2 /J) -f -|- sin (04.3 /3) + . . 

And, by repeating the operation, the series 
X sin (a + /5) + 2ii sin (a + 2 /5) 4- ^ sin (aH-2/3) + . . 



238. CoR. 4. By dividing by x^-^^, integrating and multi- 
plying by x^^^, may be summed the series 

- sin (a+/3) + -^ sin (a + 2 /3) + • . . • 

?• T-\- 1 

And, by repeating the operation, the series 
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X^ 



— sin(a+/3)-f __sin(a+3/3) + ... 
may be summed^ 



239. Cor. 5. These artifices ai^ evidently not OQiifiiied to 
the partici^ar case under CQnsiderfition^ but m^y b^ extended 
to any series of the form 

when A| , A^ , A^ , &c. are not functions of a?. 



240. Cor. 6. Let « = 1, 

/. sin (a+/3) + sin (o+2 /J) + . . . + sin (^-^'n /3) 

_ sin (a+/3) — sin g — jsin (g -f (« 4> 1) j3) -r sin (a-f w/3)| 

2(l-cosi3) 

cos Mg + |j sin ^ — COS U4-(2 72 -f 1) |j sin g 

2 { sin^J 

cos ^(a + |j — cos ^g+ (2 w + 1) IJ 



o • P 



in (a^(n-{.l)^)sm'-^ 



. i3 
sm^ 



^, as in (art. 218.) 



241. CoR. 7. Let « = — 1, 

/. sin (g + /3) — sin (g + 2/3) + • • • =F sin (g + w /3) 

8ina4.sin(g+j3)4-(— l)''^sin(g-h(y»-fl)/3) + sin(g4-wj3)| 

2 (I + cos j3) 
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" ^«^ 2 



Sin f a + gj COS ^ ±sin (a-\- (2 n-\-l)^ 



ipsin ^a + (2 w+ 1) ^j +sin ( « + g 



2 cos I 



, as in art. 230. 



242. Cor. 8. Let a = in the proposition^ 

.'. a: sin /3 -f ^* sin 2 j3 + ... 4- :r» sin ;i /3 

_ a: sin /3 — ■r*''^^ sin (y^ + 1) /3 -f- 3?"^ sin ;^ /3 , 
"" 1 — 2 J? cos /3 4- 0?^ 

243. Cor. 9. When x is less than unity, 

:r sin /3 + ar^ sin 2 /3 + = , / ^^ ^^ ^« . 

l--2a:cos/3 + a;^ 

244. Cor. 10. By article 237, 

ar sm /3 + _ sm 2 /3 + = tan M . ■ M -f 7; — /3. 

2 \ sm )3 / 2 

245. Prob. 7b sum the series 

X, cos (a+/5) + ir' co^ (a + 2 /3) 4- . . . 4- a:" C05 (a-f » /3). 

Cos (a-f 71 /3 + /3) + cos (a + ;^ /3— /3) = 2 cos (a + W j3) COS /3, 

.*. 2 arH-i (cos a + « /3). cos /3 = a:»+' cos |a + (n + 1) ^\~ 

+ ar*+i cos ja + (« — 1) /3|. 
And, by giving n the values 1, 2, 3, . . . . ;«, the series may 
be summed as in art. 234. 

Or the problem may be solved thus. 

In article 234, let ^ -f a be substituted for a. 



R 
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— \x COS (a+/J) +^* COS (a + 2/3) 4- . . . . + ar» COS (a-fn /3)| 

rr^cosa— a:cos(a-t-/3) + a?*^^cos|a-f (y^4•l)j3|--2r*+^cos(a-f n/3) , 

1 — 2 2: cos /3 + a:^ 



•*.S«= — 



246. Cor. 1. Let a: = 1, 

cos g— cos (a+)3) + COS (a + n j3)--cos |a-^-(;^+l p)l 

2 (1 - COS /3) 

"*( « + H)sm^—sin(a + (2n+l) 75). Sinn 



sin 






2 (sing' 
sin (a 4 2)"^™ (" + (^ "+ ^^ 2 



2sin| 



cosf«+ {«+l)2Jsm^ . , ^ . 
— ^ zL fL> as in art. 294. 



. /3 
smg 



d« = 



247. Cor. 2. Let a: == — 1, 

cos(a+/3)4-cosa— ( — l)*»^COS(a4-(;g-hl)i3)-|-C08(a+»i^)^ 



r 



COS! a + oi ^^'^ 






2 (1 + COS /3) 
2 q: COS ^a + (2 » + 1) g) ^^® g 



("^^2. 



2 



COS 



(o + (2n+l)|j +co8(a +1^ 
cos| 



^ as in art. 232. 



248. CoR. 3. Let a = 0; 
.'. X COS /3 + a:® cos 2 /3 -f ... -f rr'^ cos n ft 
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arN^ COS n fi—x^'^^ co8(n4- l)/3-|-a? cosj3— a? * 
' 1 — 2 a? cos ^a + x^ • 



249. CoR. 4. When x is less than unity^ 

n o o/> a? cos /3— a:* 



250. Prob. 7b sum the series 
2 «»^ ^«»^j*+2»sin-^. ^««^j«4.... +2» sin -^-(ww ^i) '• 

Sin 2 a = 2 sin a. cos a = 2 sin a Tl— 2(sin S) * ) • 

.". 4 sin o. (singj* = 2 sin u — sin 2 a, 

4. 2» sin -J (sin -^)a = 2«+» sin ^ - 2» sin ^. 
Therefore, by giving n the values 1, 2, 3 .... n^ 
4. 2 sin -^ f sin -^ P = 2* sin ^ — 2 sin a, 

4. 2» sm -^(sin -^ )* = 2^ sin ^ — 2« sin |> 

4. 23 sin -^ [sin ^ ja = 2* sin ~ - 2^ sin -^, 



• t • • • • • 



4- 2" sm -|; (sin ^^ )» =2»4->sin ^ - 2» sin ^,- 
Therefore, by addition, 

4 S, = 2»+» sin -J - 2 sin a, 

••• S, = 2 (2» sin -^ - sin o) , 

,'. Soo = g (a — sin a). 
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251. Prob. To sum the series 
sin a. cos fi-\-sin 2 a. cos 3 /3+ .... +sin n a cos (2 «— 1)/3. 

2sin?2a.. cos(27i— l)/3=sin|na + (2n— 1)/J^ +8in|»a— (2«— 1)/3J. 

Therefore, by giving n the values 1^ 2, 3 .... ^, 
2 sin a. cos j3 = sin (a + /3) + sin (a — )3), 
2sin 2a. cos 3/3 = sin (2 a + 3 j3) + sin (2 a — 3 /3), 
2sin 3a, cos 5 /3 = sin (3 o + 5 /3) 4- sin (3 a — 5 /J). 

= + 

2 sin 71 a. cos (2 «— 1) /3 = sin \na-^(2n— 1)/3| +sin| Tia— (27i— l)j3J . 

Therefore, by addition, 

2 S„ = sin (a + /3) + sin |(a 4- /3) + (a + 2 /3)| + ... 
+ sin |a + a + (w - 1) (o + 2 i3)| 

-h sin (o — /3) + sin |(a — /3) f (o — 2 /3) ^ + . . . 
+ sin |(a-/3)+ (n-l)(a-2i3)| 

sin{(a + i3) rf (n - 1) (^ +/?)}. sinTig + /?) 



sin (I + /3) 



in{(a ~ )3) + (;^ ^ 1) (^ -/3)}. sinnQ ~ fij 



Sin 

9m 



sinjg +»(^ + /3)} sin« + M 

/. S, = — p- — ^ 

sm (2 + /3) 

sin|^ -\-n (| + /5) jsin n (^ — /3 j 
sin (I - fi) 
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252. Prob. To sum the series 
sec a. secia + sec2a. secSa + . . . + secna. sec(n ■+■ 1) o. 

sin a •,r\m 

Tan (n 4- 1) a — tan w a = 7 — —tt- art. 107. 

= sin a. sec n a. sec (n+l) a. 
Theiefbre, by giving n the values 1, 2, 3 .... w 
sin a sec o. sec 2 a = tan 2 a — tan a, 
sin a. sfec 2 a. sec 3 a = tan 3 a — tan 2 o, 
sin a. sec 3 o. sec 4 o := tan 4 a — tan 3 a. 



... . . . ■ 



sin a sec n a. sec (78+ 1) o = tan (n+l) a — tan n a. 

Therefore^ by addition^ 

sin a. S„ =^ tan (n+ 1) a — tan a, 

/. S» = sec a f tan (78 + 1) a — tana). 

253. Prob. To sum the series 
seca. S€c3a-^sec2a. sec 4a -^^ ... ^ seen a* sec (n + 2) a. 

Tan(« + 2)a-ten«a = ^os na.tf (U 2) a ^^Q^'^ 

=:= sin2a. secna. sec (;2+2) a. 
Therefore, by giving n the values 1, 2, 3 ... tj, 
sin 2 a. sec a. sec 3 a = tan 3 a — tan a, 
—sin 2 a. sec 2 a. sec 4 a = — tan 4 a + tan 2 a, 

sin 2a. sec 3 a. 8ec5a = tan 5 a — tan 3 a, 
—sin 2 a. sec 4 a. sec 6 a = — tan 6 a + tan 4 a, 



:sin2a. sec(w— l)a.sec(»+ l)a= ±tan(;2 + l)a— tan(«-- l)a 
sin 2 a. sec n a. sec (« + 2) a = =P tan (n + 2) a—tan n a. 

Therefore^ by addition, 

sin 2 a Sn = tan2a— tananP Jtan(w f 2)a— tan(;? + l)aj 
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sin a ^ sin a 



•*. 2sina.C0Sa.Sf,= ^ — - • — r . i\ r , ck. 

COS a. COS 2 a cos(n + l)a. cos(n +2)a 

.". S„= H sec a ^sec a. see 2 a + sec (n + 1) a. sec (n + 2)a|. 



254? Prob, To sum the series 

(2 sec 2 a)2 4- (2* ^ec 2^ a)2 + (2« ^ec 2« a^. 

\sin 2 a/ (sin a)* (cos a)^ 

_ (sin gy -f (cos g)^ 
~ (sin g)*, (cos g)* 
/. (2 cosec 2 a)2 = (cosec g)* + (sec g)* 
/. (2» sec 2» g)* = (2^1 cosec 2«+i a)«— (2» cosec 2» g)^ 
Therefore^ by giving n the values 1, 2, 3 ... n, 

(2 sec 2 g)« = (2* cosec 2* g)^ — (2 cosec 2 g)*, 
(22sec22 g)2 = (23 cosec 2' g)^ — (2^ cosec 2* g)^ 
(23 sec 23 g)3= (2* cosec 2* g)* — (2^ cosec 2^ g)2. 



(2« sec 2» gy = (2~+i cosec 2«+» g)» — (2« cosec 2" g)«. 
Therefore, by addition, 

S„ = (2«+^ cosec 2»+i g)^ — (2 cos 2 g)^. 

255. Prob. To sum the series 

cosec 2 a 4- cosec 2* g + . . . + cosec 2* g. 

Cosec 2 g = cot g — cot 2 g, art. (84) 
.". cosec 2* g = cot 2"~* g — cot 2" g. 

Therefore, by giving n the values 1, 2, 3 .... ?2, 
cosec 2 g = cot g — cot 2 g, 

cosec 2* g = cot 2 g — cot 2* g. 

cosec 2' g = cot 2* g — cot 23 g. 



• • • • 



cosec 2** a = cot 2**+^ a — cot 2" g. 
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Therefore, by addition, 

S^ = cot a — cot 2" a. 

256. Prob. To sum the series 
cosec a.cosec 2 a + cosec2a.cosec^a-\-.,,-\^cosec n a. cosec (w+ 1) a. 

Cot n a — cot (71 -f 1) o = - 



sin 72 a. sin(7}4-l) a 
= sin a, cosec n a. cosec {n + 1) a. 
Therefore, by giving n the values 1, 2, 3 ... w, 
sin a. cosec a. cosec 2 a = cot a — cot 2 a, 
sin a. cosec 2 a. cosec 3 e^= cot 2 a — cot 3 a, 
sin a. cosec 3 a. cosec 4 a = cot 3 a — cot 4 a. 



sin o. cosec n a. cosec (n -{- 1) a = cot n a — cot (n + 1 ) a. 
Therefore, by addition, 

sin a S« = cot a — cot (n + 1) a, 

.'. S^ = sec a I cot a — cot (» + 1) a], 

257. Prob. 7b sum the series 

/I a\\ /I aV /I aV 

^gco^ecgj + \^— cosec ^j 4- . . . + (2^^^*«^2J?; 
(sec a)* = (2 cosec 2 a)^ — (cosec a)* 

. /I aV / 1 a Y /I aV 

Therefore, by giving n the values 1, 2, 3 ... n, 
(2 se« ^) = (cosec ay — ^gcosec^j " 

W'^W)= [r'^2) - (^^^2-J 
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therefore, by addition, 
S» = (cosec a)* - ^_cosec~.j 



Soo = (cosec a)* J- . 



a» 



258. Pros. To sum the series 



a 



laid 1 

g tan 2 + ^ ^^^ ^ + • • • • + 2^ *an 2^ 



1 1 

^''tan a = - cot a — cot 2 a 

l.al.a 1 a 

tan :T-=-?r- cot -tt:: — ^^ , COt 



2» 2«""2» T 2"-» 2«- 

/. by giving n the values 1, 2, 3, .... «, 

2 *^ 2'^2 ^^* 2 "* ^^* "' 
22" t«^ J=2^ CO* |r-2 ''''* i 

1 a 1 a 1 a 

23- ^^" 23*"" 23" 23""" 22 22 



l.al^a 1 , a 

TZZ" tan ;r- =?rr cot 7^—- ?r-— 7 COt 



2« 2* 2* 2» 2»-' 2"-^ 

.'. by addition, 

S„ = ^ cot ^ — cot a. 



1 



259. Cor.' It n =oo cot 7^== . a 



2» 



2* tanpr- a 

2" 



.*. S^ = cot a* 

a 
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260. Prob. To sum the series 

{I "^"^ iT+(i ^" J)'+ • • • • + (^ to« §,)*. 

2 cot 2 a = cot a — tan a. (art. 88.) 

.-. 2* (cot 2 a)2 = (cot a)» - 2 + (tan a)^ 

/. (tan ay = 2* (cot 2a)« — (cot a)« — 2 

••• ^ ten ^)'=(2ir <^«t 2^)'- (2^ ^^* ^) ~25J^ 
therefore, by giving w the values 1, 2, 3 ... w, 

gtan^y=(cota)«-(icot|y-i 

^ ^ 5) = G ^°* i)'- {w *="* Jj -i" 

^ tan |)'=(25- cot J^)'- (g,- cot |,)'-^ 



... .... 



(1 a\a/l a\2/l a\a 1 

2ir ten »r) = (grrr «>t 2=7J - (gs- *^* ^j-gi^ 

therefore, by addition, 
S. =(cot„)»^(^ cot|,y-|(l-^). 



261. CoK. 1. S„ = (cot a)« _ 4 — s- 

a 



262. Prob. To sum the series 



+ (i ^«^ ^) (^ *^^ ^)' 



Cos 2 a |(co8 g)^- (sin a)g| |(cos a)«4- (sin a)^! 
(sin 2a)3 ~~ 2^ (sin o)^ (cos a)' 

s 



"1 

I 
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_ (cos a)* — (sin a)*__ 1 f COS g sin a 1 \ 

~" 2''' (sio a)^ (cos a) ^""2^ \ (sin a)' cos a' (cos a)*/ 



. , ^ Nfj cos a 2^ COS 2 a 
. . tan a. (sec a)-* = r-. rr — y-s 5—^5 

^ (sin a) 3 (sin 2 a)^ 



.1 a / 1 ay ^^« 2^ c^s -2^r:r 

(2-sin^; r '^^) 

Therefore, by giving n the values 1, 3, 3 ... ^, and by addi- . 
tion 

a 

COS 7>r 

2" COS a 



S. = 



/'on • «^^ (sin a)' 



« 1 COS a 



a^ (sin a)" 



263. Prob. To sum the series 

2tan^ {tan J.)' -^ 2^ tan ^ {tan j)* + . . . 

+ 2^tan^ {tan ^)l 



By article 86. 



2tan * 



••• 3»tan^. (tiip^y=2« tan^ _ 2»+' t«n ^ 
Therefore, by giving n the values 1, 2, 3, ... w, 
2 tan I (tan ^ j = 2 tan g —22 tan- 

2^tan^ (tan ^^^ 2« tan ^ - 23 ten J 



mmi 
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2»taniL (tan j) = 2' tan |. ^ 2* tan |- 



2"«« J (to» 2^)*= 2- tan J - ZH-.tan^;;^ 
Therefore, by addition, 

S« = 2 tan S - 2'»+» tan " 



2 — 2« + » 



S^ = 2 tan I — a . 



264. Pros. To sum the series 

(tan 2a -{-cot 2 a) ^(tan2^a-\.cot2^a)+ .. + (tan2^a+cot2^a). 

tan a — cot a = — 2 cot 2 a 
.*. tan a -f cot a ==: 2 (cot a— Cot 2 o) 
.-. tan 2»a -f cot 2»a = 2 (cot 2« a — cot 2»+ia) 
Therefore, by giving n the values, 1, 2, 3 ... w, 

tan 2 a 4- cot 2a = 2 (cot 2 a -^ cot 2^ a) 
tan 2* a + cot 22 a = 2 (cot 2^ a — cot 23 a) 
tan 23 a 4- cot 23 a = 2 (cot 23 a -^ cot 2* o) 

• • . . "T" • • . • ' " ' • a • . ^i*« . » , 

tan 2" a + cot 2« a =2 (cot 2«a — cot 2*+' o) 
Therefore, by addition, 

S^ = 2 (cot 2 o -^ cot 2«+ia). 

265. Prob. To sum the series 

2cos(a+li) 4- Y^co«(a+2/J) + i "^ -^ cos(a^3fi)-\^.. 



(«+0) vCTT -(«+3) v^rr 
2cos (a 4- /3) = e 4- e 

2 cos (a4-2p) == € -\- e 



132 
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2co8(a+3/3) — e^ ^ + c ^ ^ 



• • • 



tf^-i 



0v^-l 



I • • • • 



\ + 17-5— + 1. 2. 3 + • • • ^ 



4- e ^ are ^ (jrc )* , (^ « ) V 1 



+ 



1. 2 



+ 



1. 2. 3 



3 VlITi 



= e (e — 1) 4. e (e —1) 

e — e -\- e e ^+e ^ 



= — 2 cos a + e 



X CM r («+x »iJi0) VI=T 

I' 

XCM0 



-(«+x iin^) ^Tl 



} 



= — 2 cos a + 2^ COS (a -f ^ SlU /3) 



.-. s« =e 



X CO03 



COS (a + ;r sin /3) — cos a. 



266. Prob. To sum the series 



on 



X 



X sin (a + /3)+ J— 2" «*'^ (« + 2/5) + j— 2-3**^(«+3/3) + .. 

The sum of this series may be obtained by a process similar 
to that employed in the last article ; or it may be deduced 

from it by substituting 5+ a for a. The result is 

XC0B3 



S« =e 



sin (a + ^ sin /3) — sin a. 



267. Prob. To sum the series 

, . -. X. (a?— 1) , „ -. x.(x--l)Ax^2) , rt AS . 
X COS (o+j3) + \ 2 ^^* ^"^^^ ^) + I 2 3 ^^ co5(«+3/3)+ 



By a process similar to that used in art. 265. 
2Soo= e »^~' {xe^y/'^ + -' ^-~^^\ef^^'^y + . . . } 
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i^i -?vri. 



= — e«\^— I — g— «v'— 1 -^ e«v^ 



e « 



= 2 ^2 cos |V cos ^a + ^^ — 2 cos o, 
•'• S«, =^2 cos gj* cos (a + -^ j — cos a. 

/ 

268. Cor. By substituting 5 + a for a, 

^.sin(a+/3) + ^l(^) sin (a + 2^) + ^'' ^^^^j; ^^-^ )sin(a + 3^) + .. 
= ^2 cos 0^ sin ^a + ^^ — sin a. 

269. Prob. To sum the series 

w?Aere tan ^ t represents the arc to radius unity ^ of which 
the tangent is t. 

Tan (a^-m = r " "~^" ^ 
"^^ l+tana.taniS 

/3 i. -1 ^^^ a — tan /3 
. . a — p = tan ^ , — ^ 

1+tana. tanp 
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Let tan « = r, /. a = tan""* r, 

tan ^ = t^ .\ fi = tao-^ t^ 

TliercfixCy 

r — I* 
tan-» .pi = tan-» t^—tanr^ t^ 



1+^'. 



9 



tan-* T^— ^ = tan-» r,— tan-* t^ 
1+^,1, * ^ 

tan-» ,^~^* = tan-» #,— tan-» ^^ 



/. S, = tan-* #1— tan-» t^^. 



270. Pros. To swm the series 

1 i_ 

Tan^ - -tan-- — ij = tan"' * "+J^ 



I.+1 J_^ 



»(» + !) 
= tan-* , ^ 5- 



/. tan-* 



^s — = — ^^ :^ tan—* T — tan^* jz 

1 + 1 + P «" 1 "*" 2 

tan—* ^ — 7^ :^ tan"* tz — tan—* tc 

1+2+2* 2 3 



tan-* ri — - =r tan-* tan-* 



l+n+n* n ji+1 
.". S- = tan-* 1— tan"* 



= T — tan 



r-l 



n + 1 
1 



4 w + l* 



1 
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For more series of this kind, which can be summed in 
the same manner, see Herschel's " Finite Differences." 

271. Prob. To prove that, if a be less than ^, 
a = tan a — 5 (tan a)^-f -s {tan a)*—. . . 

2 v^Zli |tan a — « (tan a)'+ g (tan a)* — . . .| 

= 2{ (•=! tan a) +5 (/=i tan a)3+i(t/— itana)*+...} 

, 1 4- i/^ tan a 
= ^°8. l_^-itana 

, COS a + i/3i sin a 

= log- y . 

cos a— \/— 1 sm a 

= log, e ^=^ 

== 2 a v^— 1. 

Therefore, by dividing by 2 v^I^, 
a = tan o — 5 (tau a)^-^ ^ (tan a)* — . . . 

Another Method. 

272. Let Soe = tan a— g (tan 0)^+ ^ (tan a)» — . . . 
- ^^"^ = (seca)2 |1 - Ctana)» + (tana)*-...| 



da 



= l^"^S-Tii^^*-'*^"''^^ 



= 1, 

.'. Soo ^ CI -|- C 

But when a = 0, Soo = 0, 

.'. Soo = a. 
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273. Prob. To sum the series 

1 + 1 + 1 + 

1» 3» 5* 



Cos «= 1 - -1* + __2l_ 

1.2 ^ 1.2.3.4 



— .... (art. 165.) 



= ('-^)('-|5)('-|S-(— ) 






+ 



2'-V-i + 4 + 4 + ...} 



»» ii« 

2»o« 



3» 



1 



IT' 



I.R3* 



■^ p:^ ■•" ^r^"^ •*•} 



+ 



Therefore, by equating the coefficients of a^, 

^« \ p + 3» + 5» +••••;- T72 

. i. + 1 + 1 + -'^ 



274. Cor. By equating the coefficients of a*, 



1».3» R5» 



3».5» "^ ■" ~ ge- 



ars. Prob. To sum the series 
P ^ 2* 3» ^ • * 



Sin a = a — 



a* 



1.2.3 



+ 



1.2.3.4.5 



• • • • 



= " (^ ~ ;?■) (^ ~ ^1?) • • • • 

a» f 1 1 1 ^ 

-"~ ^\T5 + 2« ■*■ 3« "•" ••'7 



i 



+ -i 
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a*f 1 . 1 1 






+ 

Tlierefore^ by equating the coeflScients of a'^ 
,a I la + 2* "^ 3* ■*■ J 6 

•'"P + 2* "*" a^"*" ""e* 



276. Cor. By equating the coefficients of a*^^ 
P.2* ^ TT^ ■*■ 2»3* "^ •" "^ 120 • 



277. Prop, /n a plane triangley 

cb V^ b^ '\ 

log^a =z logeC— ^- cos A 4- ^ca82A + •^^co83A-\- ..j 

For,a« = c2 4- 6^ _ 2 6c cos A. (109.) 

Let2cos A = a: + - 

a: 



.\ a* = c^ — 6c (ar -f -j + 6? 
= (c-6a:) (<^-6-) 

•••|=C-^)('-ri) 



6* » 6^ 






A» ^. 6» 



= — 2 j-cosA+^-j cos2A+ <j-3C083A+..\ 

fft 6» 6» l 

.*• logg a = log, c — |- cosA+ g-^ cos2A + ^ cos 3 A + . . > 



T 
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278. Prop. In a plane triangle^ 

= -«nA+ ^stn2A + -K-^sin 3 A + . . 



For, let a, )3, y, be the arcs to radius unity corresponding 
to A, B, C. 

, sin y _ sin (a+/3) ___ sin a cos /3 c 
-|- cos a = T 



sm p 


sin /3 sin /3 


. . sin ^ _ 


6 . 

— sm a 
c 


cos /3 ~~ 


1 COS a 

C 


eiv=i e"^-^ 




e&V^i 4- e-^-» 


2~ *(e«v^^+e-«^^^) 
1/ 




1 - - e--^=« 


.-. cW= 


:, c 


1 _ * e « v'^ 






c 



c ^2c« ^3c» ^ 

Ic ^2c2 ^3c» ^ J 

= 2v/— 1 |- sma+^sm2a+ -g^sm3a+..| 

6 6^ g3 

.'. B = ~sinA4- grj sin2A+ -^-j- sin 3 A +.... 

279. CoR. 1. Similarly, if tan a = ,^^^, 

1+w tan/3 
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a = m sin /3 — ^sin 2/3+ ^ sin 3 /3 + . . . 

2 3 

280. Cor. 2. If tan a = m tan /3, 

281. Prob. To expand (cfi — 2 ab cos a + i^]'^ into 
a series of the form 

Aq + Aj cos a + Ajj COS 2 a + . . . -f- Ar CO* r o -|- , . . 

Let 2 cos a = rr + - 
.-. (a« — 2 a6 cos a+i«) ^a^^ab (x-\- - W 6* 



= (a- 6a:) («- 6-) 
/. (a« — 2 a 6 cos a + 62)-h» = (a — 6 a?)--»ra — 6 - j-*. 

Let 1 = a ^ = fl.^ ^'(^+^) ^ = a,, &c. = &c. 

, in. (w+1) . . . . (m+r— 1) ft** 
"^^ 1. 2. 3 r S5Mir=«r 

/. (a9 — 2 a6 cos a + If^y^ = (a^j+ Oj a: + a^ rr« + . . .) 

+ K «»+«! «a+«a «4+ • • •) (^ + -^) 

+ 

+ (a, a, + ffl,fflr+,+Ojar+2+ • • (sf + -^j 
+ 
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Bxkix+ - = 2 COS a, 0?^+ -^ ==2cos2a,^*' + *^t=2cosra. 



- = 2 COS a, a?«+ -^ ==200820,^*" + — : 

X ^ x^ ' x^ 

Ai = 2 (a^ ttj + a, a^ + «a «3 + • • 



Ar = 2 (a^a^ +aiar+i -^(^2^r^+ • • •> 

282. Prob. To expand tt — into a series of the 

form 

A^, -f Aj co« a 4- Ag cos 2 o + . . . . 

Let 2 cos a z=z X +- 

X 

and 1 — I? cos o = (a — 6^) [a— b-A 
/. a* -h 62 ^ 1 

2ad = /? 
/. a + 6 = >v/(l +;?) 
o — 6 = v'll — p) 

2a = ./(l + p) -f >v/(l -JP) 
26 = .v/(l 4 ;?) - a/(1 - p)> 

^* 71 t;; = (a — 6;r)-»» (a— 6-) 

(1— pC0Sa)~ "^ \ Xj 

and the operation is the same as in the last proposition. 
283. Cor. j ^ ^^(}^ + P]- V^}- P\ 

If, therefore, 7?i = 1 the equation becomes 

1 — /? cos a a^ \1 — c:r/ I , II 
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(by putting - = c ) 



= > 



+ c* + C» + . . - ) 



+ (c + (^+ c^ ^ .. .)(a: + 1) 
+ (c» + d< + c« + . . . )(a^+l^^ 

^^- } 

When a + b = ^(l + ;?) 

/. a2— 63= v^(l — jpi). 

284. Prob. 7b earpawrf /og^ = [l^pcos a) into a series 
of the form 

Aq + A^COS a ^ A^€0S2 a + ... 

1 

Let 2 cos a = 2?+ — , and 

1 — mcosa = a^(l —ex) fl — c-) 

Log« (1 —J^ cos a) = 21og,a 4- log^ (1 — ex) 

+ log,(l-.i) 
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C* « C^ 



= 2lo&a- I ca: + — ar« + _n5+...j 

r 1 c« 1 c3 1 1 

■" l'' i + 2" ^"^T* ^"*"-J 

C COS a + -^ COS 2 a +-;^C083a+...J 



285. Prob. To resolve e* ± e"' into quadratic factors. 

Now, by articles 165 and 169, 

1 _ -£Lj. ^* _ 

1. 2"^ 1. 2. 3. 4 ~ • • • ~ 

=0-^('-J5)0-SD- 

But if this expression, and 

(1 + ^ (1 + r^j (^ + 55^) • • • 
be multiplied out^ the results will be the same^ excepting that 
in the former case the terms will be alternately positive and 
negative^ and in the latter all the terms will be positive^ 

•9/1 ^* a?^ 1 _ 

'"^ I ^ + 172+ 1. 2. 3. 4 +•••)- 

e^-f e-- = 2(l+^')(l-h|^).... 
Similarly, 

e'-e- = 2.(l + J)(l+^)... 



J 
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Another Method. 
286. 
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e 



e — e 



+ e •'^'^ 2 cos a=2 ^1 - —^ [l - gj-^ 

-=2/111 sma = 2/-l.(l-^,)(l-g^).. 

Let a t/^ = a? 

.....^.-.=2(..^(..2;?)... 



287. Cor. Smce x = ^±^ +^2^ 
Therefore, 

g-f y af— y — *— y 

And X and y may be taken either positive, or negative, 

/. e"" ± e^ may be expanded in a similar mamier. 

288. Prop. Sin m a = 2«-^ m a. sin fa-{--^. 

sin(a'\ — -) . ... to m factors, 

where m is a positive integer, and ma < v. 

For, by substituting 2 ma for a in art. 183, and by making 
X == 1 
2— 2cos2wa = (2-2cos2a)^2-2GOs2(a+-J)) • • • 



• • • • 
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.-. (2 sin m af = 2»» (am af Un(a+ ^ ) )^ — • 

•'. 2 sin ma = ± 2»« sin a. sin (a + — ] 

But, H mahe less than vy the greatest arc in the series, 

a 4- ^ — ^ — — =w — ^-^ — - is less than ir. Therefore, all 
m m 

the factors are positive, 

/. sin ma = 2*^* sin a. sin fa -f ^\ sin f a 4 — -) .... 

\ mj \ mj 

to m terms, 

289. Cor 1. If ma be greater than w, the sign will de- 
pend upon the magnitude of ma, and the nun^iber of negative 
factors in the series. 

290. Cor. 2. 

Sinma o« I • / . 'T \ . / , 2v\ 

_, _. 2»-i sm ( a + — ). sm ( a + — 1 

sm o \ m/ \ m / 

to w— 1 factprs. 

Leta = 

/. m = 2*''* sm — . sm — . sm — .... 

m m m 

to »t— 1 factors. 

291. CoR. 3. By taking the logarithm, and diilerentiating 

m cot ma = cot a -4- cot ( o + — ) + .... 

\ m/ 

to m terms. 

292. CoR. 4. By differentiating again, 

m^ (cosecma)* = (cosec a)* +(cosec (a -f — ) j -f . . . 



^ »i ■■-" ■ • -. ivw^^"""^i^i^F^^^^^"Hf»^ 
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= 1 + (cot a)*+l +(cot (a -h —))+ 

m* (cosec ma)^ — m = (cot a)* -f fcot(tt4- —))+••• 



to m terms. 



293. Prop. 

m 

m everiy ( — 1)* sin m a 

M-l 

m oddy ( — 1) ^ cos m o^ 

where m is a positive integer and m a < ^, 



{2^-^^ cos a. cos fa + — j. CO* fa -] ")•••] 
to m factors, J 



For, by substituting 2 m a for a, in article 183, and by 
making a? = — 1, 

2 + 2 cos 2m a = 

(2 + 2cos2a). (2 + 2 cos 2 (a + ^ ) ) 



= 2«« (cos a)2. fcOS (a 4- — ) V 

\ m / 

.'. w even, ± sinma^ ,^ , / 7r\ 

, , L = 2*^1 cos o. cos fa -\ ) .... 

m odd, ± cosTTtaJ \ m/ 

Now, all the arcs of the series lie between and tt, for the 
greatest a 4- ^ — "" ■■ ^ ^ = «• — ^^ is less than w. There- 



f 
TT 



fore, all the arcs which are greater than ^ will have negative 
cosines, and the series will be ± according as the number of 
arcs greater than ^ is even, or odd. 

Let / = the number of arcs less than ^> 

u 
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IT 

/. m— / =z the number of arcs greater than -x. 

/. ^ _l_ ^ ^ / ^ is the last arc in the series which is less 
m 

» 

than ^y 

.'. 2 (I— I) is the integer next inferior to m , 2 wi a 

If 

being less than v. 

Therefore, when m is even, 

2 (/-I) = m - 2, 

.. /-^ 

.". (— 1)* sill ma = 2"-^^ cos a. cos fa + — j .... 

When m is odd, 

2 (/-I) = i»- 1, 
w» 4- 1 



.-. / = 



•'. Wl — / =z 



2 



2 ' 



/. (— 1) ' COS Wa = 2^^ COS a. COS fa + — j 

to m factors. 



294. CoR. 1. If m a be greater than 5, the sign will de- 

pend upon the magnitude of m a, and the number of negative 
factors in the series. 
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295. Cor. 2. Let o = 0, therefore, when m is odd, 

C— 1)^ = 2«^» cos ~ . cos — 

^ '^ mm 



to m — 1 factors. 

296. CoR. 3. m = 2*"-' sin — sin — .... 

m m 

to m — 1 factors. 
Therefore, when m is odd, by division, 

(—1) * m =tan — . tan — 

^ "^ mm 

to m — I factors. 



297. CoR. 4. By taking the logarithm, and differentiating. 
When m is even, 

— m cot m a = tan a -f tan (a H ) + . . . . 

\ mJ 

to m terms. 
When m is odd, 

m tan m « = tan a -|- tan ( a -| ) 4- . . • • 

\ m/ 

to m terms. 

298. Cor. 5. By differentiating again. 
When m is even, 

w* (cosec m a)* = (sec a)* + (sec (a 4- — ) j* +. • • . 

= 1 + (tana)« + 1 + (tan (« + ^) ^ + 

/. m^ (cosecmay — w=: (tan a)* + ftan(a4- ^) j^ ^ 

to m terms. 
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When m is odd^ 

m« (sec a)^ — m = (tan a)* + ^tan (a + iL)^ +.... 

to m tenns. 

299. Cor. 6. By articles 291. and 297. 

m cot m a = cot a + cot f o 4- — ] + . . . . 

\ mj 

m eyen, — m cot w a = tan a 

m odd^ m tan 971 a = tan a 

Therefore, by addition, 
m even, ^ = cosec2a-f cosec2f a + — j + . . . . 

m odd, »i cosec 2 wi a = cosec2a + cosec21 ^ , — , 

\ mJ 

to m terms. 

By subtraction, 

m even, tw cot m a = cot 2 a + cot 2 fa + — ) + . . . 1 
m odd, mcot 2 ma = cot 2 a + cot 2 { o + — ) + . . . J 

to m terms. 



+ tan f o + — j + . . . . 1 
+ tan f a + — j 4- . . . . J 

fo + —) + .... J 



W^r^^fmgi 



SECTION VI. 



MISCELLANEOUS PROBLEMS. 



VIETAS PROPERTY OF CHORDS. 



300. Prop. Jff^ in a circle described with radim unity 
equal arcs APj PjPj, P2P3. . . 6e taken, and from the point 
B the opposite extremity of the diameter AB the lines B A, 
BP^, BPjy BP3, . , . . be drawn. Then, in the qtiadradic 
eqtiation, 

x^ — px -^ 1 = 0, 
in which p is not greater than 2, if the sum of the roots be 
equal to the chord BP„ the sums of the squares, cubes, 8fc, 
will be equal respectively to the chords BP^, BP3 , . . . 




For if X be one root, then by the nature of equations - will 
be the other root. 
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But chord (arc BPi) = 



chord (x — AP^ 
. (ic AP; 

in I * 

AP, 



Wi-^) 



= 2co8 



.-. BP, = 2 COS 



.-. BP„ = 2 cos 2 



BP. = 2 cos 3 



AP. _ 
2 ~ 

AP, 

2 

AP 



^ +i 



-_ ^% 



= a:-^ 4- -^ 



X' 



1 



= ^ + -5 



X' 



301. Prop. If the drcvmference of a circle AP^ P^ of 
which O is the centre, be divided into m eqiud parts in the 
points A, Pj, Pjp P3 . . ., and lines be drawn from P^, P,, P, . . . 
to any point C in AO^ then 

OA"*- 00= CPi. CP,. CP3 . . . ^o m factors. 




X 



For, by putting - for x, in art 183., and multiplying by r** 



x^— 2r^ x^-{- r®"»= (a?*— 2rx cos — + r^J 
(x^— 2rx cos — 4- r®j f a?^— 2ra? cos 






■) 



X 



PLANE TRIOOMOHBTRY. 151 

Let AC = a: 

.'.(«*•— 2r"ar"+;*») = (ar»— »-)» = (OC»— OA»)» 

(ai*-2rxco^ + r«)=OC«-20P,. OC.cos AOP,+OP,>=CPj» 
(ai»-2rxoo^ + r«)=OC«-20P,.OC.co8AOP,+OP,«=CP,» 
(x»-2rxco^ + r>)=OC«-20P,.OC.cosAOP,+OP3»=CP3« 

.-. (OC~-OA~)«= CPi«. CP^^. CP3«. . . . 
iTierefore, by extracting the square root, if C be in AO, 

OA-- OC~= CPj. CP^. CP3 . . . . 
If C be in OA produced 

OC*»- OA~= CP^. CPy CP, 

Cor. In the same figure, if the arcs 

APj, PjPj, P3P3 . . • be bisected in Q^, Q,, Q3 . . . 

OA-»+ OC«= CQ,. CQ^. CQ3 

For, by the proposition^ 

OA«~~OC«-= CPj. CQi. CP^. CQj . . . . 

and 

OA~ - OC~= CPi- CPj. CP3 

Therefore, by division, 

OA* + OC" = CQ,. CQ,, CQ3 

The two last theorems are called, from their inventor, 
OoUs's Properties of the Circle. 

302. Prop. The radius of the circle circumscribing a 

1 c 
plane triangle is equal to 5* . p » 

For, let ABC be the triangle. From M and N the middle 
points of ABy BC draw MO, NO perpendiculars to them, and 



t^^w^ 
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meeting in O, join AO, BO. Then (Euc. IV. 5.) O is the 
centre of the circle passing through A, B, C. 




Let AO = BO = r,= the radius 
.*• -TTy = sin AOM 

. AOB 

= sin —^ — 



5^ = sin C. (Euc. III. 20.) 



• • 



.'. r, = 



1 "" 2 sin C 

303. Cor. Sin C = -^V s. (s-a). (s^b).(S'-c.) (126.) 

abc 



* 4 v^5. (8 — a) (s—b). 8—c) 

304. Prop. The radius of a circle inscribed within a 

J . . J • 7 ^ / («— a). Is—b). (s—c) 
plane triangle is equal to W -^- — ^ — ^ ^^ . 

For, in the figure of the last proposition, let the angles CAB, 
CBA be bisected by AO, BO meeting in O. Join CO. 
Draw OM, ON, OP perpendiculars upon AB, BC, CA. 
Then (Euc. IV. 4) O is the centre bf the inscribed circle, 
and OM = ON = OP = the radius = r^ suppose. Then, since 
the triangle ABC is the sum of the triangles AOB, BOC, AOC, 
OM. AB + ON. BC + OP. AC = 2 ABC 
•'• ^2 («+6+c) =2 \f\s. (s—a). (s—b). («— c)^ (152.) 



f^^^ 
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.. T^^y — — J 



305. Cor. L r,. r«= --r— = ^5-7 — , , . \ > 



153 



• A „. B 

Aopther expression for r« is c. »^ < 



C<»g. 



-, AB AM . BM 
*^°'' W) = Mo + MD 

• <* * A . ^ B 

. . — = cot -g^ + cot -J 

2 



Sin 






• . ^j — c — 



•_ /A . B 
Y V (107.) 

. A . B 

sin — -. sin -— 
2 2 

C 

cos — 

2 

sm -=. sin-- 
2 2 

A B 
sin — = . sm -j-^ 

2 2 



oos-—. 
2 



307. CoR. a 



AB 
"5m 



= 1 + 



1 + 



MB 

:sm 

tan ~ 
2 

tan --. 
2 



^ 1 + il4 (125) 



«— o 



\ 



V. ' 



»< 
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2 5— (a+6)_ c 



AM 

/. AM 

ThusBM 

and CN 



s—a. 
s—b. 



s — a 



308. Prop. If ABCD be a quadrilateral Jigure inscribed 
within a circle, and a{=AB], b (=BC), c (=CD), and 
d (=DA) be the sides , 

cos A = — i- — J — 2r-v — 
2(ad-\-bc) 



\ 




For, join AC, BD, then in the triangle BAD, by art. 103, 

BD3= a^^ cP— 2 ad cos A. 
But in the triangle BCD 

BD«= 62+^2+ 2 6c cos A, 
because C = 180°- A (Euc. III. 22.) 

/. = — a^— fiP-i- 62+ c2+ 2 (fld^bc) cos A 

.-. cos A = "'t^7?"^' - 

2{ad+bc) 



309. CoR. 1. BD^ =;: a^+cP— ad. 



^24. cP— 62_ c2 



ad ^ be 
(a^+rf^) 6c + (y+c^) qrf 



.;. BD =. y/{ 



ad + 6c 

ad-{-bc J 



I I f ''■'■i^ 
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310. Prop. The same contraction and notation being 
used. 

^" ^ = ^dh^ ^ ^('-'')- ^'-*)' (•-'')• c'-d)r 



For cos A r= «lt^P=*!z:l* 

2 (arf+6c) 

/• 1 -^or^ A- ^^+ 2^ + rf^~ (y~ 26c + c«) 

2 (orf + 6c) 
^ (a+rf)a— (6-0)2 

2(ad-\-bc) 

_ (a+rf+6— c). (a-hrf+c—6) 
2 (arf+ 6c) 
SimUarly, 

1 — cosA = (q+^+c-rf) (6+c+rf-~a) 

2(arf+6c) • 

Therefore, by multiplication, 

(sin A)« = 2(^-~^)» 2(^-6). 2(5~c). 2(5^rf ^ 
^ 4 (ad + bey ~ 

•'• ^^''^ = ^rf+s^^^^*"'')- (*-*)• ^^-^)- '~^)? 



311. CoR. The radius of the circumscribed circle 

= o?^A (art- 302.) 
2sm A "^ 

__i . / r (q6 + crf) (qc+6rf) (flrf+6c )l 
*^ l(5-o).(«-6). (*-.c). («~e/)J • 
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312. Prop. The same contraction and notation being 
tued. 

Area ABCD = ^ |(*— a). (*— A). (*— c). (*— rf)l • 

For ABCD = ABD + BCD 

= \\ad sin A -f 6c sin C| 

= \ (arf+6c) sin A (Euc. III. 22.) 

=r / J(*— a). («—*). («—c). {«— rfj|.(ltft310.) 

313. Prop. If a and h he sides of regular polygons of 
n sides inscribed within , and circumscribed about a circle ^ of 
which the radius is r, then 



a = 2r sin 



TT 



n 



6 = 2f tan - 
n 




For, let APF be the circle, O the centre^ PF a side of the 
inscribed figure. Draw ONA perpendicularly to PF : it 
therefore bisects PF and the angle POF. (Euc. IIL 3.) From 
A draw a tangent TAT meeting OP, OF produced in T and 
T'. TT' is therefore a side of the circumscribed figure. Now 

theanglePON= ?gPl = ^ '«>° 



2n 



n 



If 



.-. a = 2PN =2rsin 1 

n 

andfi = 2 AT = 2rtan "L. 

n 



PLANS TRIOONOMBTRY. 157 



314. Cor. 1. The perinetors are 



na = 2nr sin- 

n 



IT 



and nb z= 2nr tan - . 

n 



315. Cor. 2. 



POP = PN. NO = wr^sinl cos ^ 

n n 

TOT = AT. AO = r^ tan 1. 

n 

Therefore, the areas are 

— -- »n — for the inscribed. 
2 n 

and nr'^ tan - for the circumscribed polygon. 



316. Prob. To find the nmnerical value of the roots 
{^ a qtuxdratic equation by aid of trigonometry. 

Let the equation be x^ — px + y = 0, 

or, it* — pa? — y = 0, 
where p is positive or negative, 

'''■' =1 ^ g^^^'^^^^- 
In the j€r«^ case, let 4 ^ = jo* (sin a)*, 

P P 




r 
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In the second case, let 4 y = p^ (tan a)*, 

2^q 



tan a 



or, p = 
.\ X =1^ ± ^ seca 



\/q. cos a cos o. ± 1 

sin a ' cos a 



Vq- f^^sgj' 



• a a 

sm^. cos 2 



z=z/^g. cot ^ 



or, = 



^q. fsinlj 



.a a 

Sin^. COS o 



>-the two roots. 



2 



\/?-tan| 



317. Prob. 7b solve the equation 



X' 



- ja? + r = 0, 
in which r is positive, or negative, and _ < 1-, and therefore 



2T 



all the roots real qtiantities. 



Let a; = y sin a, 
/. y^ (sin a)^ — 5^ y sin a + r = 0, 

/. (sin a)^ — -^ sin a -I =0. 

But (sin a)3- I sin a + I sin 3 o = 0, (art. 92.) 






y 



=w%- 
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Also^ ~ sin 3 a = — 

4 y3 

. . sin 3 a = —- = - -T- (i ja 

From this equation ay and therefore sin a> may be found 
fiom the tables^ and consequently y sin a =2 a/ 2 . sin a, one 

of the roots, may be determined. 
But, by article 40, 

sin 3 a = sin (3 a ± 2 ir) = sin (3 a ± 4 ir) = &c. 
Therefore, the following values of sin a satisfy the equation 

sin a, sin (o ± —\, sin fa ± -^J, &c. 
But, sin (a ± ^)=sinra ± ^ + 2 t) (40.) 

=sin(«:?|). 

Similarly, sin fa ± — j=sinfa hP -^j 

and = 

Therefore, the roots of the equation are 

2/2. sina,2y/|. sin (« + .|)and2/2. sin („-|). 



318. CoR. 1. Since sin 3 a < unity, ^ < ^. 

Therefore, the equation can be solved by this method only 
when all the roots are possible. (- Wood's jilgebra, art. 331.) 



I 



I 



*r.%- 'i-'fUal^ 
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319. Cor, 2. If^-^|! be newly eqwd to uraty, 3 a 

will be nearly ^, and therefore will not be detennined accu- 
rately (127) ; a third part of this error will be entailed on a. 
And, in this case, a [ = ^ nearly j is small, and th»«fore a con> 
siderable error will be found in sin a, {98 and 127.) When 
this happens, a + — = ■*■-- 3—- — isnearlyequaltor— g, 
and two of the roots are nearly equal. • 

320. Pbob. To solve the equation 

«" + ?« + r = 0, 

where q and r are positive or negative, and -7- + ^ <* 
potitive quantity, and therefore two of the roots imaginary. 
Let 2: ^ ^ sin a 
.-. (»I. .)' + i .ill a + ^=0. 

But {mn a)' — 3 Bin« + 2 an 3 a = 0. (92.) 






'3\i 



■ See tbe Appendix. 



/ 
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.-. ya cos 3o = - 6 ^m^ (^ + |jf) 

.-. y3(cos3a+ y^'^sinSa) = - 8 V'^T^{-5 + V (V+ 1?)/ 

.•- y (cos a + i/^TT sin a) = 2 •TTT \/ {"2 + V (t"^ iD)' 
(Art 159.) Similarly, 

y (cos a - V^n sin o) = - ix^TJ^ {-^-^/(t +&)}■ 
Therefore, by subtracting and dividing by 2 \^ — I 

ysin«=>/{-J + \/(^+^')} + V^{-^-/(T+i7)}- 
<8fee Woocfs Algebra, art. 327. 

321. Cor. To find the numerical value of this quantity, 
firstiy, suppose q positive. 

. Let ly = -J- (tan a)> 

'• 2 tan « V 27 

.-.a; = y^{-^+^sec«} + |/ {-1 - ^ sec a} 
= 'y/{-g(l-seca)}+y^{-^ (seca+ 1)} 

= v/§{V^eot|-^Un|}. 

Let -^cot I = cot I .-. -^tan | = tan | 
.-. ^ = >/! ( cot I - tan I) 
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= 2 y^|. COtj3. (88.) 

Secondly^ suppose q negative. 

Let 1^ = J (sin a)^ 

and y^ ( ^^* i ) = ^^* f 
and by operating^ as in the first case^ 

ar = 2 4/^ ^ cosee /3. 

Thus is found the numerical value of one root of this cubic 

equation. In the second case^ -^ must be greater than ^y 

for, otherwise the sine would be greater than the radius. There- 
fore, the r«»aining two roots are imaginary. ( Woody 331.) 

322. Prop. 
(a+ft y/'ZZVy^z:^ (a«+ IP)-^ ^cos ^ tanr^ - + \/"in[ sin - to«-» *| 

For a + * t/3T= (a^+ft»)*/ ^—j + /"^^ ^^\ 

T * ^ 

Let cos a = 



.'. sm a = 



(a^ + 6^) 



and tan a = - 

a 

/. a = tan * - 

a 

± JL JL 

/. (a + fc./— 1)" = («^+*^)^" Jcos a 4- v^ _ 1 sina| n 
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= (a^ -4- 6*) «» { cos 2. 4- v^'HT sin *| 

= (aa+fi«)15r / cos - tan-^- + i/'irT sin - tan"-^ -} . 
^ \ n a ^ n aJ 

Thus the nth root by a binomial^ consisting of a real and 

an imaginary quantity^ may be found by trigonometrical tables. 



323. Prob. jy A and B be two positions, of which the 
distance can be measured; and C and D two objects 
visible from A and B, but inaccessible. To show how to 
find the distance of C and D. 




At A take the angles, BAG = A, BAD = A'. 

. . B ABD = B, ABC = B' 

Let AB = a, CBD = B". 

>T \ Tin ^ sin BAG ^ sin A 
(I.) BG = a. ._ p^ X =a 



sin BGA sin(A-i-B') 
,= ttp suppose. 

Vtt \ nn r, sin BAD ^ sin A' 
(11.) BD = a. I 4f|y^. ^a . ., — — ^ 

sm BDA sin(A-fB) 
= a^, suppose. 



(III.) sm S = — !- — S—a cos -j^ 

^1 "^^2 



or, tan S = -^ — i— ^ sm -— . 



a,--a^ 2 



r 
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(IV.) CD = (aj + a^) cos S, 
or, CD = {flj — a^) sec S'. 

When the distance of the objects f^om the sttttiohs A and B 
IS very great oompared with AB and CD^ a^ and a^ will be 
nemrly ^ the same magaitude, and B' wiB ho ¥ery amlL In 
this case, the subsidiary angle S' must be used. Whenever 
a, and o^ are nectfly of the seifne magnitude, and B'^ nearly 
180°, wbioh will never happen esjLcept whep B is near the 
nid^Ue pokit of CD, the angle S must be use^. 

When the four objects are in the cornel plana, 

B'' = B' - B. 



324. Prop. In a plane triangle, of which the sieles are 
a, by c; and a, j3, y, the angles converted into arcs to radius 
unity, if a and fi are very small^ 



Ts Sin a sin a 

For a^=.e. -» = c 



sin y sin {.a^^) 

But sin a =: o — =- 



sm (a+/3) = (a+/3) - ^^^^ 



6 
By negleddng the higher powecs. 



(165.) 



o' 






(«+/3)-: 






6 

6 
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'•;^{'-T}{'-n«2} 



+/3 

-"•TT^x^ + 6 ) 



325, Cor. Similarly, 



a+/3L ^ 6 J 

.•. a + 6— c = J c aj3. 



326. Prop. .^ a ^ e^f.ua/ to «■— 9, where 1« very «fna//. 

A. Jo e« 

For a« = 6* + c* — 2 6c cos a 
= ga + c« + 26c cosB 

= 6« + c^ + 26c(l-^ (71.) 

= (6 + c)* — 6c aa 
/. a= 1(6 + c)«-6ca«|* 

, be e« 

= 6 + C — 7 jr-. 

6+c 2 

■ 

327. Prop. ^ a 6e eqtial tow — O, when is very small. 

'^ -6 + cl^ ■*" (6+c)a- 6/- 



For sin j3 = - sin a 

But sin a = sin 6 = — -^ 

, 6c e^ 

and a = o +c — , . -g-- 
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Therefore, by reduction, 

. „ *e fi ^ bc-V'-c 6\ 
«"^ = 6+7V+ (i+c)« • "e"/- 

But sin /3 = /3 — -^j because, j3 is very small, 

{sin/3)» 



.• = /3 - 



6 



. . /3 = Sin j9^ ^ — 



= sm /3 1 1 + — g — I 



SECTION VII. 



ON THE NUMERICAL VALUES OP THE NATURAL TRIGONOMETRIC 

FUNCTIONS OP ANGLES. 



328. In trigonometric tables are inserted the trigonome- 
tric fimctions of angles^ and also the logarithms of these 
quantities^ the former for the sake of distinction are called the 
natural trigonometric functions. These^ to avoid cyphers in 
the first decimal places of some of the functions of small 
angles, are multiplied by 10000= 10*. According to Def. XV. 
they are, therefore, in reality not functions of angles, but of 
arcs to radius 10*. 

The object of this section is to find the numerical value of 
the trigonometric functions of every angle from 0° to 90°. It 
will, however, be sufficient to confine the calculations to the 
angles from 0° to 45°, for 

sin (45° 4- A) = cos f90° - (45° + A)| 

= cos (45°— A). 

Thus cos (45° + A) = sin (45° - A), 
and this will evidently obtain, in a similar manner, for the re- 
maining trigonometric functions. Accordingly, the tables are 
restricted to these angles. 
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329. Prob. To find sin V by the continued bisection of 
an angle. 

First Method. 
By article 75. 

2 8in^ =^1(2-^(3+^(3+ +^(2+2co8A)| 

Let A = 60** and » = 12, 

. A __ 6(r ___ (602)' _ (i5*y 



• • 



2« 2^ 2»2 28 



.'. 2sm ^^ = v'(2-v^ (2+^ (2+ . . , . +i/3|. 

Hie symbol a/ being repeated twelve times. But wben tbe 
angles are very small, the sines are nearly equal to the arcs, 
and, therefore, proportional to the angles. 

/. sin r i^K2--/(2+i/(2+ . > > +i/3| 
■■ ' ' j = 15* 



15* 



Second Method. 



330. 2 sin A = ^(l + sin 2 A) — ^(l-sm 2A) 
/. 28in 15° = ^ (1 + i) - V (l-i) =2*, 

2 BIB ^ =s V (1+*,) - \^(l-«i) = 2 *, 
2 sin ^ = ^ (1 +»^ - \/(l-«,) = 2 «, 



. . . • • 



2 8in-^ = ^(1+«J-V (!-«,«) = 2#„ 

= 2 am i-^. 
And sin 1' may be formed as before. 
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331. Cor. 1. The latter method has the advantage of being 
less liable to cause errors in the result, by neglecting figures 
at the right of the decimal fraction. 

For 2 sin A = V (2 — 2 cos 2 A) 
by differentiating, gives 

2 d> sin A _ — 2 

rf. cos 2 A ■" v' (2-2C082A) ' 
But when A is small, 2 — 2 cos 2 A is very small, and 
therefore, a small error in cos 2 A will entail a large one in 
sin A. But if 

2 sin A = v'Cl -h sin 2 A) — V (I ~ sin 2 A) 
2rf sinA ^ 1 r 1 1 ^ 

rf. sin2 A 2lv/' ('1 V 8in"2 A) V'(^ — sin2Aj 
== 1 nearly, when A is small. 
An error, therefore, in sin 2 A, will produce only half the 
error in sin A. 



332. Prob. Machines series for tt. 

By article 269, 

1 



1 + 



* -1 1 . * -I 1 , -1 239 ^ ,120 

tan > 1 +tan ' ^ = tan 1 =*'^" TTg- 

239 

.*. 4 tan ' ■= = tan ' 3 =— 

5 ,61 

~ ^ + 5* 

•". T = 4 tan~^ ^ — tan~^ 
4 5 
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« 

• -ifi/ 1 1 . 1 \ 

_4(-i L_+_L__ \ 

11.239 3.239»^5.239» " ' J 

333. Cor. By performing die aritfametic apentiata, 

IT = 3. 14159265358979. 

334. Prob. To jind, nn 1' by the seriet for sin a in 
terms of powers of a. 



Sin a = a — 



a^ o* 



1. 2. 3 ^ 1. 2. 3. 4. 5 



But a = jg^ . A*', 

and sin a = sin A, 



/. smA- jg^. A°- j^g^g . (igQoA^j 



3 

"■^~ • • • • 



1° 
• ait, V — ^ ^ ^^ . 1 ^^ _ 

. . Sin 1 -3^gQ3- 1.2.3' 3^. 60» "^ 1.2.3.4.5-3^ 60^* ' * 



335. Prop. 
Sin (A4-B) = 2 sin A-«n (A-B)-4 «« A. ( sin ^Y 






co# (A+B) = 2 cos A—cos (A— B)— 4 cos A.isin — j 

For sin (A+B)+sin (A-B) = 2 sin A. cos B 

= 2 sin A {l-2(sin ^^J 

/. sin (A+B) P= 2 sin A— sin <A— B)— 4 sin A. ( sin — j 



A\2 
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and cos (A+B)+co8(A— B) = 2 cos A. cos B 

= 2cos A. |l -2 { sin ^Y| 

/. cos (A+B)=2 cos A— cos (A— B)— 4 cos A. f sin —J * 

336. Prob. To calculate the sine& and cosines of 
2^, S', 4' . r. 60f. 

By substituting (n— 1) A for A, and A for B in art. 335. 

sin«A=sm(w— l)A+|sin(n— 1)A— sin(«— 2)A|-4sin(n— 1)A. (^ sin ^\ 

/ A\ * 
cos«A=cos(«— l)A+.|cos(w— 1)A— cos(w— 2)A|— 4cos(w — 1)A. f sin — j 

.-. sin 2^ = sin r + ^sin 1' - 0| - 4 sin 1' (sin 30")^ 
sin S' = sin 2^ + Jsin 2f - sin V] - 4 sin 2' (sin 30")^ 
sin 4' = sin3' + |sin 3' - sin 2'^ - 4 sin 3' (sin 30")^ 

• • ■■ ■ ■ • • • • • • • • • • • «■• • 

cos 2' r= cos r 4- ^cos 1' - If - 4 COS V (sin 3(r)« 
cos 3' = COS 2' 4- icos 2^ - cos I'l — 4 cos 2! (sin SOfy 
cos 4' = cos 3' + icos 3' — cos 2'f — 4 cos 3' (sin 30")* 

337. Cor. Similarly may be found the sines and cosines of 
2^, 3% 4% &c. 

338. Prob. To calculate the tines and cosines of V V ; 
F2'; r3'; . . . 1° GC {= 2°). 



Bymaking A = V + (n-iyy.^^^ 335 
and B = 1' J 



sin (l'>+«')=8in ^r+(«-] )'| + |sin |r+{w-l)'J -sin Jl°+(»_2)'|| 

—4 sin fl° + («-l)'^ (sin30»)« 
cos{l°+«')=cos|r+(»-l)'^ + |cos|r+(n-l)'^-cos |l° + (re_2'^^ 

. -4co8|r + («-l)'r(sin30")« 
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sin r l'=sin 1° + ^ T -sin 59'^ -4sin 1° (smSO')' 
sin l°2'=sin 1° 1'+ ^sin 1° I'-sin r\ — 4sml°l' (sinSO*)* 
sin l''3'=sin r^+ \aia P2'-sinri'S -48inri'(siri30")« 

Similarly for the cosine. 

339. Cor. 1. Thus may be calculated the sines and cosines 
of 2° 1', 3° r, &c. and similarly of any angle whatever. 



340 Cor. 2. Since tan A = r* 

cos A 

cot A = -B — -Ty &c.=:&c. all the trigonometric functions of 

angles may be calculated. 

341. Cor. 3. It is evident^ that an error in computing for any 
ang^ewill affect all the succeeding results. It is necessary^ 
therefore, to find some method of proving the correctness of the 
arithmetic operations. This is done by formulae of varifica- 
tion, which will be explained in the fallowing articles. 



342. Prop. Sin 18" = ^^. ^ . 



Let A = 18° 

3 A + 2 A = 90" 

.'. cos 3 A == sin 2 A 

/. 4 (cos A)^— 3 cos A = 2 sin A. cos A 

/. 4 (cos A)*— 3 = 2 sin A. 

.'. (2 sin A)^ + 2 sin A = 1 

1 5 

.-. (2 sin A)^+ 2 sin A 4- 7 = 4 

.-. 2 sm A-f 7i = 



2 2 



'^w-'^mm 



mfmmmm^^ 
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V5— 1 



sin 18° = 



343. Cor. I. 
Cos 72° = v^^, cos 36° = ^^^^. (77.) 



4 



344. Cor. 2. Cos 18°= sin 72°= V(^^+'^V5 ) 

4 



345. Prob. To calculate the sines and cosines of certain 
angles independently of the previovs methods. 

By art. 81. if A be less than 45°, 

2 sin A = >v/(l+sin2A) - ^{\s\n2A) 
2cosA = V(l+sin2A) + V(l— sin2A). 

But the sines of 18°, 30°, 45°, 60° and 72° known, (see 
arts. 342. and 56.) Therefore, the sines and cosines of 9°, 
15°, 27° So' and 36° are known, consequently the sines and co- 
sines of their complements 81°, 75°, 62° 30' and 54°. Besides 
30°-18°=12°, 45°- 18°= 27°, 60°-18°=42°, &c. = &c., 
and the sines and cosines of these angles are known. The re- 
sults are to be found in a table at the end of the work. 

346. Prop. Euler*s formula of verification, 
«wA+«i;i(72°+A)-«w(72°-A)=m(36°+A)-5m(36°-A> 

Sin (70° + A)- sin (72°-A) = 2 cos 72°. sin A. (93.) 

^^^j|lll sin A. (342.) 

sin (36° + A) — sin (36°- A) = 2 cos 36°. sin A > 

= y^-^±^ sin A (343.) 
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.•.sinA+8in(72^+A)-sin(72°-A)=sin36°+A)-sin(36°-A) 

By substituting any angle for A^ the correctness of the 
sines of five angles may be investigated. 



347. Cor. I. By substituting 90°— A for A, and remark- 
ing, that 

sin (162° -A ) = sin |180°-(162°-A)| = sin (18°+ A) 
sin (-18°+ A) = - sin (18°-A) 

sin (126° - A) = sin |180°-(126°-A)| = sin (54°+A) 
sin (-54° + A) = - sin (54°-A). 

The result is 
sin (90°-A) + sin (18°+A)+sin (18°-A) = sin (54°+ A) 

+ sin (45°- A), 
which is Legendre's formula of verification. 

348. CoR. 2. There is another formula of the same kind, 

sin A=sin (60°+ A) -sin (60°- A), 
which is derived from the equation 

2 cos B. sin A = sin (A+B)— sin (B— A) 
by making B = 60°. 



349. Prop. Tan (45°+A)-^aw (45°-A)=2 tan 2 A. 

For, by articles 68. and 69. 

tan (45» 4- A) = \±^ = \^+;^A)p 
^ ^ ^ 1— tanA 1— (tanA)« 

tan (45°- A) = \-*^ '^ = l\-(^^^r 
^ ' 1 + tanA 1— (tanA)« 

.•.tan(45°+A)-tanC45»-A)=.f4;^ 

= 2 tan 2 A. 
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350. Cor. 2 ton A = tan (4S + J.) - ten (45°- J) 

= cot(45»-|)-ten(45"-^). 

The use of this, as a formula of verification for the tangents 
and cotangents, is evident. 



PART II. 



SPHERICAL TRIGONOMETRY. 



SECTION I. 

ON THE SPHERE. 

Def. I. A sphere is a solid bounded by a surface or 
superficies^ of wkich every point is equally distant from a 
point within it, called the centre. 

m 

Def. II. The diameter of a sphere is any straight line 
which passes through the centre, and is terminated both ways 
by the superficies of the sphere. 

1. Prop. Every section of a sphere by a plane is a 
circle. 

Let AB be any section of a sphere made by a plane AB ; 
O the centre of the sphere ; from O let fall OC perpendicular 
to this plane ; in the section AB, take any points D, E, F ; 

A A 



-*-—.- . a , ^ J... 
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join OD, DC ; OE, EC ; OF, FC ; then, since OC is per- 
pendicular to the plane AB, it is perpendicular to every 
straight line, which meets it in that plane, (Euc. XI. Def. III.); 




therefore, the angles OCD, OCE, OCF, are right angles; 
also, (Def. I.) OD = OE = OF; hence, 

CD« = OD2 — OC, 

= OE* - OCS or CE*, 
= OF* - OC«, or CF», 
.-. CD = CE = CF, 
or the points D, E, F, lie in the circumference of a circle, of 
which the cmitre is C, and radius = CD. 

Def. III. A great circle i9 one whose plime parses through 
the centre of the sphere. 

3. Hence, a radius of a great circle is a radius to the sphere. 

Def. IV. A small circle is one whose plane does not pass 
through the centre. 

3. In the above proposition, if OC = |^ and radius of the 
sphere = r, the radius of the small circle = (r* — p^)^ 
Two circles are said to be parallel, when their planes are 
parallel; or when the line drawn from the centre of the sphere 
perpendicular to the plane of one of them, is also perpen- 
dicular to tlie plane of the othor. (Euc. XI. H.) 
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4. Prop. A great circle may be drawn through any two 
points on the surface of a sphere, but not generally through 
more than two. 

• 

For the plane of a great circle must also pass through the 
centre of the sphere; and a plane may be made to pass through 
any three points^ but not generally more than three. (Euc. XL 
2.) Since a small circle does not pass through the centre of 
the sphere^ it may be drawn through any three given points 
(not in the plane of a great circle) on the spherical superficies. 

5. Prop. Two great circles bisect each other. 

For the intersection of their planes, being a straight line 
passing through the centre, is a diameter of the sphere, and is 
therefore a diameter of both circles; which are therefore 
bisected. (Euc. I. Def. XVIII.) 

6. Prop. TTie inclination of two great circles of a sphere, 
is the angle made by their tangents at the point of inter- 
section. 

For each of these tangents being perpendicular to the radius 
in which the planes of the circles intersect, the angle contained 
by the tangents measures the inclination of the planes of the 
circles. (Euc. XL Def. VL) 

Def. V. A spherical angle is the angle at which two arcs 
of great circles intersect each other on the surface of a sphere, 
and is the same as the angle between the tangents to the two 
arcs. 

7. Hence, spherical angles, that are vertically opposite, are 
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equal; as are also the angles at the opposite points of inter- 
section of great circles. (Euc. XI. 10.) 

Def. VI. If through the centre of ^ circle, whether great 
or small, a straight line be drawn perpendicular to its plane, 
the point in which, if produced, it meets the surface of the 
sphere, is called the pole of that circle. 

8. Thus (art. 1), if OC, which is perpendicular to the 
plane of ABD, be produced both ways, meeting the surface 
of the sphere in the points P and p, these points are called 
the poles of ADB. It is evident that the line PCp passes 
through the centre of the sphere. In a small circle, the term 
pole is more usually applied to that point only, as P, which is 
nearest to the circle. If P be called the nearer pole of AB, 
then p may be termed the farther pole. 



9. Prop. JTte pole of a circle is equally distant from 
every point in that circle, the distances being measured by 
arcs of great circles. 

The same construction remaining as in art. 1, through D 
and E, draw two great circles PD|?, PEjp, meeting the 



A 



^ o-^^ \ ^^ 



great circle A'D'B', whose plane is parallel to ADB, in 
D' and E' ; draw ODf , OE', PD', PE' ; then, because OD' is 
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equal to OE'^ and that PO is common to the two triangles 

POD', POE', and at right angles to the plane A'D'B', the 

two sides PO, OD', are equal to the two sides PO, OE', * 

each to each, and they contain equal angles, 

/. the base PD' = base PE', « 

or the chord of the arc Piy = chord of the arc PE', 

hence the arc PD' = arc PE'. (Euc. III. 28.) *^ 

In the same manner, it is shown that the distance of P from 
all other points in the circle A'D'B' is measured by equal arcs | 

of great circles, or P is the pole of A'D'B'. 

10. CoR. 1. The distance of P from every point in the 
circle ADB is also measured by equal arcs of great circles, 
therefore P is the pole of ADB. 

11. CoR. 2. Because PO = OD', Piy is the chord of a • 
quadrantal arc ; the distance, therefore, of every point of a * 
great circle from its pole is a quadrant of a great circle. 

12. CoR. 3. Since a line, which is perpendicular to two 
lines meeting it in a plane, is perpendicular to that plane, 
if a point P can be found such that its distance, measured by 
a great circle, from each of the two points D' and E' not in 
the same diameter, is a quadrant, that point is the pole of the 
great circle passing through D' and E'. 

13. Prop. The angles PD'E' and PE'D are right angles. 

I 

Since PO is perpendicular to D'OE', the plane POD' is i 

perpendicular to the plane D'OE', (Euc. XI. 18.) ; and the 
angle PD'E' is therefore a right angle, by (art. 6.) Similarly 
the angle P'ED' is a right angle. ! 



I 
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14. Cor. The four spherical angles at D' or £' are equal 
to four right angles; and since these angles comprehend all 
the angular space at D' or E'^ it follows that all the spheri- 
cal angles^ formed by the intersections of ever so many arcs of 
great circles at a point on the surface of the sphere^ are equal 
to four right angles. 

15. Prop. The tangent of DB otD is perpendicular to 
the tangent of DP. 

For the tangent of D'B' at D' is perpendicular to the tan- 
gent of lyP ; and it is also perpendicular to D'O, therefore 
it is perpendicular to the plane D'OP, (Euc. XI. 4.) ; as is 
also the tangent of DB at D, which is parallel to it, (Euc. 
XI. 8.) ; therefore the tangent of DB at D is perpendicular 
to the tangent of DE. 

16. Prop. If a =i tfie arc of a great circle svbtending a 

spherical angle at its pole y the spneneal angle = a; 

radius of the sphere being = 1 . 

Let the spherical angle = A, then it is obvious that A is 
as often contamed in 180°, as o is in tt the semi-circumfer«ice 
of a circle whose rad = 1, or that, 

A ^ J^ 

a w 

180° 
or A = . a. 



17. Cor. 1. If A = 90°, then a = gj that is the quad- 
rant of a great circle subtends at its pole a spherical angle 
= 90°. 
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18. Cor. 2. If a be an arc subtending the same angle 

rad = r, then a = - . 

r 

• . Bi. — • — < 

w r 

, a ___ 1 D'E' _ 1 1 _ 1 

and -, - -, or .pg. - -g^ - ^^^^^ - ^^^ djj, • 



19. Cor. 3. It has been shown^ in (art. 19. pt. I.)^ that 

180° 
the plane angle subtended by an arc { = o) = , a ; hence 

the spherical angle is equal to the corresponding plane angle 
at the centre of a great circle, at the pole of which the spheri- 
cal angle is formed : thus, in the last figure, the angle D'PE' 
is equal to the angle D'OE'. 



20. Cor. 4. Since all the plane angles at O are equal to 
four right angles, all the spherical angles that can be formed 
at P, are likewise equal to four right angles, which has indeed 
been already shown. 

Def. VII. A lune is that portion of the surface of a sphere, 
which is included between two great semicircles described on 
the same diameter. 

* 

21. Prop. To find the area of a lune. 

In the preceding figure, let PDjoE be the lune = L, A'D'B' 

the great circle, whose poles are P and p, and a = D'E' ; 

then it is plain that L is contained as often in half the sur- 

S 
face of the sphere (= q, suppose), as a is contained in A'D'B' 



'r; 
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or L =7^ 



IT 

S 

s 

4 X, rad = 1, 



. a 



but S 

2ir 

and L = 2a, and oc a, the arc of the iune; 



— -2 



or, L = 



180 



;. 2 A, and a A^ the angle of the Iune. 



'f 



22. Cor. 1. If A = 90°, 

Li = IT, 

and there are four such lunes on the whole surface of the 
sphere. 



23. CoR. 2. The great circle,. of which P and p are the 
poles, divides each of these four equal and rectangular hines 



.2 



into two equal portions, each of which = -, or -^— , rad=r. 



! 

i 

r 



24. Cor! 3. If the radius of the sphere = r : 

^=2^-^"> 

= 2 7^ a' ; 

and if o' = -^, 
L = irr*. 



Also, L = 



vr' 



180°. 



2A. 



Def. VIII. The axis of a sphere is a diameter perpendi- 
cular to the plane of a great circle. 



^^m^^ 
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Thus POp is the axis of the sphere corresponding to the 
great circle A'D'B'. 



25. Prop. ^ a be the distance between the poles of two 

180** 
great circles, the inclination of their planes = -: — . a. 



Since the axes of great circles are perpendicular to their 
planes^ they are inclined at the same angle as the planes of 
the circles ; hence the arc which measures the distance of the 
poles is equal to the arc which measures the inclination of the 
planes of the great circles; which inclination is therefore 
180° 

= , o. 

IT . 

26. Cor. If the supplemental arc be taken^ the angle 

180° 
under the planes is obtuse^ and = . (w — a). 

TT 

Def. IX. A plane is a tangent to a sphere^ when their 
surfaces have only one point in common. 

27. Prob. To draw a tangent plane to any point on the 
surface of a sphere. 

Let any two arcs of great circles pass through the point to 
which the tangent plane is to be drawn^ and let tangents to 
these arcs be drawn; join the centre of the sphere and the 
proposed point ; let any plane pass through one of the tan- 
gents^ and let it be turned about this tangent until it pass 
through any point assumed in the other tangent ; then, because 
the proposed point and the assumed point are in this plane, 
the tangent, in which these points are, is in this plane (Euc. I. 

BB 
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Def. VII.); but the radius of the sphere stands at right 
angles to the tangents of the two arcs at the point of their 
intersection^ it is therefore (Euc. XI. 4.) at right angles to the 
plane in which the tangents arte; and since the tangents of the 
arcs at their intersection touch the sphere only in one pomt^ 
the plane passing through them also^ touches the sphere only 
in one point ; it is therefore a tangent plane. 



SECTION 11. 



ON SPHERICAL TRIANGLES. 

Def. X. A spherical triangle is a portion of the surface of 
a sphere contained by three arcs of great circles ; and is 
formed by taking any three points^ (of which two are in the 
plane of a great cirde^) on the surface of the sphere^ and 
letting three arcs of great circles pass through them, inter- 
secting each other. 

28. Let it be stated, once for all, that in the following pages, 
the Greek letters a, /3, y, are used to denote the arcs which 
form spheral triangles to rad = 1, unless the contrary be 
expressed, and that A, B, C, are the spherical angles op- 
posite to the sides a, /3, y. 

29. Prop, ^ny two sides of a spherical triangle taken 
together are greater than the third. 

Let ABC be any spherical triangle ; O the centre of the 
sphere ; join OA, OB, OC. 

IQAO 

Then the angle BOC = . a, (art. 19. pt. L) 

... AOC = ^^. (3, 
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Ann 180° 

AOB = . y, 

IT 

but the angles BOC, AOC, are greater than the angle AOB, 
(Euc. XI. 20.) 




\o 



180° , . ^x . . .u 180' 
.*. (a 4- &) IS greater than . y ; 

IT AT 

that is^ a -f /3 is greater than y : 

similarly^ a + y j3, 

/3 + y a. 



30. Prof. The sum of the three sides of a spherical 
triangle is less than the circumference of a great circle of 
the sphere. 

By (Euc. XL 21.) the sum of the plane angles at O is less 

than four right angles ; therefore^ from the preceding article^ 

lftO° 

i21L (a + /3 + y) is less than 2. 180°, 

IT 

ora+/3+y . . . . 27r; 
that is^ the sum of the three sides is less than the circum- 
ference of a great circle, rad = 1. 

31. Cor. If a , fiy y , be arcs to rad = r, 

a' S ' 

then a = -.,/3 = ii.,y = ^, 

y y y 



f— ~ 
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hence - (a 4- /3' + y ) is less than 2 v, 
or a -I- /3' 4- y . . . . 2 Trr. 

Def. XI. A spherical polygon is a portion of the sur- 
face of a sphere contained by several arcs of great circles. 

32. Prop. The sum of the sides of a spherical polygon 
is less than the circumference of a great circle. 

Let o, /3, y, ^, &c. be the sides of the polygon subtending 
plane angles at the centre of the sphere ; then^ since the sum 
of these plane angles is less ihan four right angles^ (Euc. XI. 

21.) 

180° 

(a 4- /3 +. y 4. a, &c.) is less than 2. 180^ 

or a -f /3 4- y 4- 5, &c 2 ir. 

33. Cor. To rad = r, a 4. /8' -f y' 4- ^y &c. is less 
than 2 irr, 

Def. XII. If with the angular points of any spherical 
triangle^ as poles^ three great circles be described intersecting 
each other^ they will form another spherical triangle^ which is 
called the polar ^ or supplemental triangle. 

The proposed triangle, for the sake of distinction^ will be 
called the primary triangle, 

34. Prop. The angular points of the polar triangle are 
the poles of the sides of the primary triangle. 

Let AjjB,C| be the polar triangle described according to the 
definition : then, because A is the pole of BjCj, the distance 
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of A from every point in B|C, is measured by the arc d* a 
quadrant, (art. II,) ; therefore the distance of A from C, is a 




quadrant. Snnilarly^ the distance of B from C| is a quadrant; 
hence C| is the pole of AB; in the same manner it is shown 
that A| and B^ are the poles of BC^ and AC. 

35. Prop. J[f A, B, C, and Aj, Bp Cj, be the angles 
of the prmary and polar triangles, opposite to the sides de- 
noted by a, /3, y, and aj, jSp y^: then, 

180°^ . 



A = 



B = 



IT 

180° 



(it - i3 J, 



/A 180° , 

eUso^ Aj = (t — o), 

IT 

IT 



Produce the sides of ABC, if necessary, to meet the side^ 
of the polar triangle in D, E, F, &c., then. 
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4 

GH = C^G - C,H = C,G - (B,C, - B,H), 



w -- ttp 



, ,GH A ,^ ,,, 
but — — =^;ggo, (art. 16.) 

A 
•"• GH = |gQo> «• = «■ — oj, 

180° 
hence A = (,r — o,) ; 

simUarly, B = -^ (» _ fi), 

TT 
IT 

Again, since BC = CF — BF 

= CF - (FK - BK), 

/. a =z 'IT — FK, 

and FK = IT — a, 
but, as before A^=-j^, 

. . A, = (ir — a) ; 

similarly, B, = i^ (^ - ^3), 
P 180° ^ . 



36. Cor. 1. Since, by (art. 27. pt. I.), /A =/a, where 

180° 
by (art. 19. pt. I.) A = . a ; it follows, that in the above 

equations between the sides and angles of the primary and 
polar triangles. 
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sin A = sin (v — a,), 
sin Ai = sin (w — a), 
and so on for the other trigonometric functions. 

37. CoR. 2. A = — (^ - a,) = 180° - — . a, 

IT IT 

1QAO 

= 180° - A„ since -^--. a,=A„ (16.) 

.\ A 4- Ai == 180°. 

Similarly, B + Bj = 180% 

C 4- C, = 180°. 

38. CoR. 3. The arc subtending the spherical angle 
A + oi = w, 

that is, GH -f a^ = ir ; 
similarly, DK + /3, = w-, 

EF -|- yj = IT. 

39. CoR. 4. The arc subtending the spherical angle 
Aj + a = IT, 

that is, FK + a = x, 
similarly, HE + j3 = tt, 

DG + y = ^. 

40. CoR. 5. If any one of the angles as A = 90° ; then 

IT 

18(V 
= 180° - -i^. a 



«■ »' 



.M = 2 - -^, 

TT 



and Oj =:^ = quadrantal arc. 



H^^^""**" 
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Also, from (art. 37), A, = 90% 



and .*. a = ^. 



41. Cor. 6. If A = B = C = 90% 

then a, = /3i = y^ = g, 
Ai = B, = Cj =90*; 



«! — Pi = Ti = 2» 



«id the primary triangle coincides with the polar. 



42. CoR. 7. If B = C = 90% and A = 180' - D^^, 

180** 
then Dg = (ai + /3i + yi — »»•), 

TT 

/. oi + /3i 4- yi = w + arc which subtends D^, 
and y, = arc which subtends Djj. 



43. Prop. 7%6 sum of the three angles of a spherical 
triangle is always less than six right angles, and greater 
than two, 

XI.) For, from (art. 35.), 

A + B + C = -i^ |3 ,-(«, + /3, + yOl, 

TT 

1QAO 

= 6. 90» - — - (a, + /3, + y,), 

IT 

= 6. 90*^ — an angle ; 

since the sides of the polar trimigle must have i^onie mag- 
nitude. 

c c 



194 SPHERICAL TRIGONOMETRY. 

(2.) Since o, + /3i + y, = 2 ir — an arc, (art. 30.) 

=: 2 w — X, suppose, 

/. A + B + C = 6.90° - -^^^ (2 IT - a?), 

IT 

= 6.90°-4.90° +-i^ar, 

TT 

= 2.90» + l^x, 

IT 

= 2.90° + an angle. 



44. Cor. 1. Hence, a spherical triangle may have two or 
three right angles ; or two or three obtuse angles. 



45. Cor. 2. If S = ^^ ^ + ^ 



S = 90° + 



2 

an angle 
2 



also, S = 3.90'-^A|lil2; 
hence, cos S is always negative. 

46. Prop. ITie difference between any two angles of a 
spherical triangle and the third angle = 2.90° — an angle. 

For, from (art. 35.), 

A +B-C = i^ !.-(„, + /3.-yO|, 

1QAO 

= 2.90°- '-^(a, + ^,-y^, 

= 2.90°— an angle; 

in the same manner it is shown, that A + C—B, and B + C— A, 
are each less than 180°. 
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47. Cor. Since S = A + B4C ^^ 45 j 



S- C = 



2 

A + B-C 
2 



_ 9Q0 _ an angle 

/. COS (S — C) is always positive, 

cos (S — B) \ , . . 

cos (S — A) 



48. Similar equations to those^ which have been shown to 
subsist between the sides and angles of the primary and polar 
triangles, exist between the sides and angles of what may be 
termed the primary and polar polygons ; each of the sides of 
the primary polygon being less than a semicircle^ since the 
sum of the sides of any spherical polygon is less than the cir- 
cumference of a great circle, (art. 32.) 



49. Prop. ^ two spherical triangles have two sides of 
the one eqiu^l to two sides of the other, each to each; and 
have likewise the angles contained by those sides equal to 
one another, the two triangles shall be equal. 

This proposition is proved by precisely the same reasoning 
as is used in (Euc. I. 4.) 

50. Prop. Tfie area of a spherical triangle 

= rr^ (A 4- B -f C — 180°), rod = 1; to rod = r, the area 

= ^(A-f B + C-180°). 
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Let the sides AC and BC be produced, cutting the great 
circle of which AB is a portion in a and h^ and intersecting 
each other in c : 




then, ACa = Cac = x, 
.'. AC = ac^ 
similarly, BC ^=: be; 

also, the angle at C = c, because these angles measure the 
inclination of the same planes ; ther^ore, by the preceding 
proposition, the triangles ABC, abc, are equal to each other. 

Let a = area of the triangle, then by (art. 21.), 

2fr 

ACaB = -jgQo. A = a + BCa, 
BA6C = -^. B = a + AC6, 

Cbca =-^o. C = a-\-bCa; 

hence, by addition, (since J surface of sphere 

= area of two great circles, 
= 2 X = a + BCa + ACA + bCa,) 

2a + 2 IT = ^, (A 4- B + C), 



1 
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^"^ (A + B + C) - 2 TT, 



. . Ata 


~"^^ 


180° 




— 


2w 
180° 


/. a 


— 


«• 


180° 


to rad 


= 


»•, 


n 




irr« 



(A 4- B 4- C - 180^), 
(A + B 4- C - 180"); 



180^ 



CA + B + C - 180°), (art. 24.) 



51. Cor. 1. Since the limits of (A + B 4- C) are (art. 43.) 
2. 90° and 6. 90% 

A 4- B 4- C — 180° = any number of degrees between 
and 4. 90°. 

52. Cor. 2. If A + B 4- C = 4.90°, 



53. Cor. 3. If A = B = C == 90°, 

a = ^ , as in (art. 23.) 



54. Cor. 4. If A' be the angle of a lune whose area 
: a, since 

A' = 4+.|^LC _ 90O. 



«« A>i ^ o- 'f R'c of 1" sin 1" 

oa. CoR. 5. Smce 



180° 1* 1" * 

^^ 57° 17' 44" 77^' (^^''^'P^'^*) 
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/. 57Mr 44'. 772 sin 1' = 1'; 

hence the area of a spherical triangle expressed in seconds 
= (A + B + C — 18(r) r* sin V, where the number of 
seconds is found by finding how often (A + B 4- C — 180°) 
contains 47° 17' 44'. 772 (= 57°. 29577 = 206264'. 772.) 

56. Cor. 6. A + B + C-18(y = -^^^ a, which is 

generally expressed by the letter E^ and is called the Spherical 
Excess. 

57. Prop. The area of a spherical polygon of n stdes 
== -Tofp. \sum of its angles — (« — 2) 180°^ . 

Let ABCDE be any polygon^ F any point in its surface^ 

c 




through F, and the angular points A, B, C, &c., draw arcs 
FA, F3, &c. of great circles ; then, it is evident, the polygon 
will be divided into as many triangles as it has sides^ that is, 

into n triangles, the area of which = -rQfj3-(anglesof polygon 

+ angles at F — ;?. 180°), but the angles at F = 2. 180°, 
(art. 14.), and the area of the triangles = area of polygon 

~T80^ Jangles of polygon — (;^ — 2) 180°|. 
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58. Cor. If rad = r ; this expression must be multiplied 
by r*. 

Def. Xni. A right-angled spherical triangle is that 
which has at least one of its angles a right angle. A qtiad- 
rantal triangle is that which has at least one of its sides 
equal to a quadrant. All other spherical triangles are called 
oblique-angled triangles. 



SECTION III. 



ON THE INVESTIGATION OF SUCH EQUATIONS AND PROPERTIES 

AS ARE NECESSARY FOR THE SOLUTION OF 

SPHERICAL TRIANGLES. 

59. Prop. In any triangle ; 

sinA sin a sinA __ sin a «iwB sin fi 

sinU sin (i^ sinC sin y' sinC sin y 



Let O be the centre of the sphere ; join OA, OB, OC ; in 
the planes BOA, BOC, from C let fall the perpendiculars 




BD, BE, to OA, OC, respectively ; also let fall BF perpen- 
dicular to the plane AOC, and join DF, FE, OF ; then, 
BO» = OF* + FB2 = OE* + EB*, 
= OE« + FB* + FE2, 
.-. 0¥^= OE* + FE^ 
hence (Euc. I. 48.) the angle OEF is a right angle, and the 
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angle BEF (Euc. XI. Def. VI.) is the inclination of the 
planes AOC, BOC, that is, the angle BEF = C. Similarly, 
it maybe shown that the angle BDF = A. 

BF 

Now T>y = sin C, (art. 30. pt. I.) ' 

BE 

and T^Q = sin o, (art. 24. pt. I.) 

BF . . 

/. p^ = sin C. sin a: (1.) 

also p-p. = sm A, 

, BD . 

and -r^ = sm y, 

BF . . 

.'. p^ = sin A. sin y: (2.) 

hence, equating (1.) and (2.), and dividing 

sinA _ sin a 

sin C sin y 

Similarly, it is shown that, 

sin A __ sin a , sin B __ sin fi 
—i — « — —t — ^, and. — . — 7^ — -1 — • 
smB sm fi smC sm y 



6O.C0R. IfC = 90^sinA=?2L?,andsinB=?J^. 

sm y sm y 

And, if a = j3 = y, sin A = sin B = sin C. 



61. Prop. In any triangle; 

A cos a — cos /J. cos y 

co«A= ; — ^ — V- -, 

sin p. sin y 

T, cos 6 — cos o. cos y 
sin a. sin y 

^ COS y — COS a. COS 3 
COS C == ^ ; — n —- 

sin a, sin p. 

DD 



ao2 
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In fig. (art 59.) draw AD, A£ tangents to the arcs AC, 
AB, at A ; produce OC^ OB, to meet the tangents in D and 
E ; join AE, DE. 




Then, AD = tan /3, OD = sec ^3 ; 

AE = tan.y, OE = sec y; 
and DE« = AE2+AD2-2AE. AD, cos DAE, (I.; 109.) 

== (tan /3)24-Ctan y)^— 2tan/3. tany. cos A; (1.) 
also DE^ = OE* + OD* ~ 2 OE. OD. cos BOG, 

= (sec P)^ + (sec y)* — 2 sec /3. sec y. cos a, 
= 1 -|-(tan/3)*+ 1 + (tany)«— 2sec/3. secy, cos o; (2.) 
hence, by subtracting (1.) from (2.), 

2 4- 2 tan /3. tan y. cos A — 2 sec /3. sec y. cos a = 0, 

... cos A = (-^ l). (Tj-TA 

\cos p. COS y / \sm p. sm y/ 



^COS fi. cos y 
COS a — cos 0. cos y 

"" sin /3. sin y. 

«. .1 T Tj cos /3 — cos a. COS y 

Similarly, cos B = ^. • ^, 

•' sin a. sm y 

^ cos y — COS a, COS /3 
sm a. Sin y 



62. Cor. 1. If C = 90°, cos C = 0, 
.'. cos y =: cos o. cos /3. 
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Since the cosine of an arc less than a quadrant is positive^ 
and (^ an arc greater than a quadrant^ negative ; this equa- 
tion shows that a and fi, (the sides which contain the right 
angle)^ must be either both less or both grectter than a quad- 
rant^ when cos y is positive ; that is, when y is less than a 
quadrant: when one of the ndes about the right angle is 
greater than a quadrant, cos y is negative, and y is therefore 
greater than a quadrant. 



63. CoR. 2. If the radius of the sphere = r. 



. r cos a — cos 0. cos y 
cos A = : :a if ' > 

sm p. sm y 



64. Prop. The angles at the base of an isosceles spheri' 
cal triangle are eqtial to one another. 

Let the side a =s side fi, 

aX. a cos a — cos B. cos y ,./,,» 

then cos A = r-^ — f^ 1 (art. 61.) 

sm p. sm y ^ 

cos a 1 — COS y 
* * 1 



sin a sm y 

y 
= cot a. tan ^ ; 

similarly, cos B = cot a. tan ?* 

.*. cos A =co8 B, 
and A = B. 



65. Cor. If a = /J = y, 
thenA=:B=:C; 
that is, if the triangle be equilateral it is also equiangular. 
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4 

1— (cos A)* = , . ^ . — 75 sine, sinfff— a). siii(<r— /3). sin(ff— y), 
^ ^ (sin/3.smy)^ ^ v i-/ v //^ 

2 . . \ 

.'. sin A = -I — -p, — I — Jsin<r. sin(<y— a).sin(o^— /3).sin(ff— y)? * 
sin /3. sin y ^ ^ ^ v /-/ v /^/j 

The four equations just established obtain also for the other 
two angles B and C. 

69. CoR. If o =r /3, sin A = sin B, 

and sin A = I sin L + |j. sin ia — |j| ; 

if a = j3 = y, 

sinA==sinB==sinC=-— -?-— r-j3-4f sin ^V}*. 

70. Prop. 

„. /A + Bn '''" vV") C „, 



^2 



/A-B\ **" (^^¥^ C 
\n (-^_j = __. co»^, (3.) 






(-2-) = T^— «» 2-- (*-J 



A-B 

CO* 



.eng 



/I N T? • /A + B\ .A B A B 

(1.) Yox sin \ — g — ^j = sin -^. cos -^. + cos -^. cos -g-, 

(art. 64. pt. I,) 
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A A 

hence^ by substituting for the values of sin -5-, cos -^, &c., as 

found in (art. 68.)^ 

• / A -f B\ _ / sin (<r--j3). sin (<r~y) \i / sin 9. sin (<r— /3) \ | 
\ /~\ sin /3. sin y / ' \ sin a. siny / 

/ sin <r. sin (<r— tt) \l / sinfg—g). 8in(y--/3 )\l 
\ sin /3. sin y / \ sin a. sin y / * 
1 r . , /IN , • / M /sin*-. sin(y — y)\\ 

•^"•(^ C 

cos -:5-. 



COSg 



(2.) Again, by expanding cos ( — 5 — J by (art. 66. pt. I.) 

A B 

and for cos -g-, cos -=-, &c, it is found that, 

A + B ' ^^ . C 

^^—2-= — ; — • ™2-- 

cos 2 

The equations (3.) and (4.) are investigated in the same 
way as (1.) and (2.)) which will be used hereafter in^. proving 
Lhuillier's Theorem. 



71. Prop, 






^ /A + B\ V 2 ; ,C 
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From (art. 70.), dividing (1.) by (2.), 






again^ from the same article, by dividing (3.) by (4.)^ 

The equations of this proposition are usually called JVapier's 
first and second Analogies. 

72. CoR. 1. If C = 90°, in a right-angled triangle. 



'■"(H^= 



J * A-B 

and tan — ^ — 




^m 



73. CoR. 2. 
cos 



Cot§ = _ 

COS 



(V) , /A + BV '"(-^), /A-B\ 



and 



'»(^) -m 



in any triangle. 
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74. Prop. In any triangle the greater angle is opposite 
to the greater side. 



For, from equation (3.) in (art. 70.), 



. /A - B\ V 2 ; , C 

. cos -rr 

y ' 4 



sin 

sin I jr — I = : . COS -rr ; 



«n 5 



and COS 5-, and sin ^ are both positive, therefore sin ( — g — j 

and sin[ ^ ] must have the same sign ; that is, if A be greater 

or less than B, a must be greater or less than j3, which consi- 
deration proves the truth of the proposition. 



75. Similarly, the equation; 



^A + B\ ^"^ V 2 / . C 

. sin ^ 



cos 
COS I — ^ — J = ^ . sin TT* 



(^)= 



■^ 2 



shows that — r^ — and "1" have the same sign ; that is, if 
— 2 — ^® greater or less than 90°, then °1^ is greater or 
less than ^. 



76. Prop. In any triangle; 

cos A + cos B. cos C 

cos a = 8 — 5 — , — Y^ , 

sin B. sin C 

^ C05 B 4- cos A. cos C 

COS p = ; . . . — js^ , 

si;r A. M^ C 
cos C 4- cos A. cos B 

cos y = X ;? ; — 55 . 

si?i A. se;} B 

E E 
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Let«„ A, r„ bethesides 1 ^f the polar triangle ; 
Ap Bj, Cp the opp. angles j "^ ^ 

,, . cos a, — cos /3,. cos y, # ^ 151 \ 

then, cos A, = *—. — ^ . * ^ , (art. 61.) 

' * sin Pi, sm y, ^ ^ 

180° 

and A, = (v — a), (art. 35.) 

A = («• — oi), 

IT 

&c. = &c. 

hence, cos Aj = — cos a, (art. 46. pt. I.) 

and cos A = — cos a^ ; 

similarly, cos B =^ — cos /Sp 

cos C = -- cos Yi ; 

also, sin A =: sin a^, 

sin B = sin /3|, 

sin C = sin yi ; 

hence, by efiecting the requisite substitutions, 

cos A + cos B. cos C 

cos a = ■ * — Tns ; ^^ • 

Sin B. sm C 

In the same manner, cos /3 and cos y are expressed in terms 
of the angles. 



cos A 

cos a = -^- 



77. CoR. 1. If A = B, 

/ I + cos C \ 

sin A ' \ sin C a 

= cot A. cot "s = cos /3. 

This shows that if two angles of a spherical triangle be equal 
to each other, the sides which are opposite to these equal 
angles are likewise equal. In this case, 

cos y = cos C. (cosec A)* + (cot A)*. 
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78. Cor. 2. If A = B = C, 

cos o = cot A. cot -^ = cos /3 = cos y, 

/. a = /3 = y. 



79. Cor. 3. If C = 90% then cos C = 0, 

J cos A 

and cos o = -« — -i. : 

sm J5 

in this equation^ the sign of cos a depends on the sign of 

cos A^ which is positive whilst A is leas than 90°^ and negative 

when A is greater than 90"^ ; hence, in a right-angled spherical 

triangle, if A be greater or less than 90°, a is greater or less 

than a quadrant. 



80. Prop. In any triangle, 

A + B + C 



t/S = 



2 



. a /— COS S. COS (S — A)\* 

"^""^^ [ sinKsinC ; ' 



roi. * - /gQ^ (S - B). COS (S - C) \i 

'^'^g-V ^n B. sin C )' 

o __ / — COS S. cos (S — A)' \l 

'^'*2"'VcM(S-B).cew(S-Cy ' 

2 / \ J 

sina=i -r-^s — ^-7^ f--co«S. co*(S— A). c(w(S — B). c(w(S — C) ) . 
sinB.stnC \ \ / \ / \ /y 

(1.) From (art. 76.), 

cos A + cos B. cos C 

cos a = 1 — B — ' — ?S y 

sin B. sm C 

, cos A — (cos B. cos C — sin B. sin C) 

/. I — cos a = — ' . -n ^j^ g^ ^, 

sm 15. sm C 

_ cos A -f cos (B + C) 
"" sin B. sin C ' 
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„ /A+B+C\ /B+C-A\ 

2C08(— g— J. cos-(— ^— ) 

= ^ Bin B. sin C ' ("*• ^^' P*- '•> 

_ 2 COS S. COS (S — A) . , . 
"" sin B. sin C ' '^ 

since 2 = S — A, 

, . a / cos S. COS (S — A^Xi , . 

nence^ sm 75 = ( * p - a J • («•/ 

2 \ sm B. sin C / 

,rt N 1 COS A 4- COS (B — C) 

(2.)l + cosa= 3i„B.sinC ' 

„ /A + B-C\ . /A+C-B\ 

2cos ( g / I ^^>^ 

sin B. sin C * 

2 cos (S - B). cos (S — C ) ON 
sin B. sin C ' ^ '^ 

, a /cos (S — B). cos (S — G)V /jL X 

hence, cos 75 = ( ^ . — k — • — 7^ J . (0.) 

' 2 V sin B. sm C / ^ 

• 

(3.) By dividing (a.) by {b.), 

a f — COS S. COS (S — A) \i 

*™ 2 - Vcos(S-B). cos(S-C)/ * 

(4.) By multiplying (1.) and (2.), 

1 _ (cos a)2 = (sin a)3, . 

4 

= — =~p — ^~~rf ^^s S. coa(S— A). cos(S— B). cos(S— C), 
sm D» sm 1^ 

2 
•'. sin a = I j ^ — r-7^|— cosS.cos(S— A).cos(S— B).co8(S— C)| I. 
sm ij, sin v/ 

Similarly, 

2 

sin /3 = T— T — r-^|— cosS.cos(S— A).cos(S— B).cos(S— C)|l, 
sm A» sm Im/ 

2 

sin y = -T — T — I— ^5— cosS.cos(S— A).co8(S— B).cos(S — C)|. 
sin A, sin 15 
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In (art. 45.) it was shown that cos S is always negative ; 
and in (art 47.), that cos (S — A), &c. is always positive; 
therefore, the above equations are always possible. 



81. Prop. In any triangles 

A-B 



f^+i] - '" V ^ „ / tan 3^ 

V 2 / - T^TTBy 2» 



COS 
/a-X.K\ 

tan 



• / A-B\ 

^"( 2 J= „. /A + By ^"2- 



mn 



From the polar triangle, and (art. 71.), 






"^^^ 2 ,)- . /a, +^A- "°*2 ' 

and, from the equations in (art.-35.), 
Ai+B, ^ lS(fr_a +/3\ ^ 180° _ 180° /g +i8\ 

2 ir\ 2/ ir\2/ 

/. i8e° - A.+g» = 180° /a+^\ 

2 TT \ 2 / ' 

andtan(Ai+B.)=_te„(^; 

similarly, tan (^i^) = - tan (2:=^ ; 



I 
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also, }^ h+A) = ISO' _ A + B 
' w \ 2 J 2 ' 

... co«!ll+^ = _eos(A + B), 

again, cos {^^^) = «» (^^), 

and cot —-^ = tan ^ : 
2 2 

hence^ by substitution^ 

/A-J8\ 



and tan (!i=^= )a + Bx " *"> I' ^^O 

The equations (1.) and (2.) constitute Napier* s second and 
fourth Analogies. 



82. CoR. 1. 

If ^ = ^, tan ^ = 1, in the equations (1.) and (2.) 



83. CoR. 2. 

A + B\ . /A + B 



cos 
Tan| = — 

COS 



/ A -f B \ . /A + B\ 



I 
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A + B> 

lan [ • (y } Mwi [ 

and 






84. Prop. In a spherical triangle; 

cot A = cot a. *f» /3. co^ec C — co* /3. co^ C, 
a«rf co^ a = cot A. *t« C. cosec /3 + co* C. cot /3. 

(,^ ^ ^ cos g- cos /3. cos y ^ ^^ ^g , 

Sin /3. sm y 
.*. cos A. sin /3. sin y = cos a — cos /3. cos y, 

= cos a -*- cos j3. (cos 41. cos)3 + sin a. sin /3. cos C) 
= cos a (sin j3)* — sin a. sin /3. cos /3. cos C, 

and sin y = sin a. -; — j-* by (art- 59.) 
' sin A -^ ^ "^ 

»\ cot A. sin a. sin C = cos a. sin /3 — sin a. cos/3, cos C^ (a.) 

hence^ cot A = cot a. siri j3. cosec C — cos /3. cot C ; (1.) 

also, from (a.)9Cosa. sin/3=cot A. sin a. sin C+sina.cosj3. cosC, 

.*. cot a = cot A. sin C. cosec /3 4- cos C. cot /3. (2.) 

85. CoR. If/ instead of taking the angle C, and the side /3, 
the angle B and side y be taken, the equations (1.) and (2.) 
become 

cot A = cot a. sin y. cosec B — cos y. cot B, 
and cot a = cot A. sin B. cosec y + cos B. cot y. 

The equation (1.) is chiefly useful for finding the correspond- 
ing small variations of the parts of a spherical triangle^ 






SECTION IV. 



ON THE APPLICATION OF THE EQUATIONS ESTABLISHED IN 

THE PRECEDING SECTION TO THE SOLUTION OF 

SPHERICAL TRIANGLES. 

I. On the solution of triangles^ which have only one 
right angle. 

86. Since one of the three angles = 90°, by the hypo- 
thesis, it follows that there are two angles and three sides, or 
five quantities in a right-angled triangle, which must be 
attended to in the following investigation. From the equa- 
tions between the sides and angles, in (art. 59. and 61.), it 
appears that a certain number of equations arise expressed in 
three of the above-mentioned five parts ; but five things, 
combined three and three together, produce ten combinations, 
therefore there are ten equations requisite for the solution of 
all the cases of the triangle under consideration. It is obvious 
that these ten cases are included in the following six, in whict 
the specified parts are given ; viz. 

(1.) The hypothenuse and adjacent angle. 
(2.) The hypothenuse and adjacent side. 
(3.) The two sides about the right angle. 
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(4.) One of the sides containing the right angle, and the 

opposite angle. 
(5.) One of the sides containing the right angle^ and the 

adjacent angle. 
(6.) The two angles. 

87. For common purposes, a technical memory has been 
invented, under the title of Mipier^s Rules for Circular Parts, 
which are described as follows : 
The five circular parts are, 
the two sides, 

the complement of the hypothenuse, 

and the complements of the two angles 

Any one of these is called a middle part ; the two next to 

it are then called the adjacent parts, and the two remaining 

ones the opposite parts. Thus, writing in order the five parts 

in the circumference of a circle, if a be taken as the middle 




part, fi and 90° — B are the adjacent parts, and 90° — A 
and - — y are the opposite parts ; similarly for any other 

part. The two rules to be established are, 

(1.) The sine of the middle part = product of tangents 

of adjacent parts. 
(2.) TTie sine of the middle part = product of cosines 

of opposite parts. 

F F 
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88. To prove JVapier's Rules, 

^ , ^, N ^ cos y — cos a. COS Q 

From (art. 61.), cos C = — -5- ^r— = ^, 

^ ^ sin a. sin (i 

let C = 90% 

/. cosy = COS a. COS /3; (1.) 

J . COS a — COS /3. COS y 

and cos A = -. — -x — r^- ^, 

sm p. sm y 

cos y 

7; — COS /3. COS y 

cos fi r- t 



sin /3. Sin y ' 

COS y sin /3 ^ ^ ... 

= -;— ^. ^ =tan/3.coty;f2.) 

sm y cos /3 '^ ' * V / 

similarly, cos B =: tan a. cot y. (3.) 

sin A sin a 



From (art. 59.), -r—pz = 
^ ^ smC 



sin y* 



.". sin a = sin A. sin y, (4.) 

similarly, sin /3 = sin B. sin y. (5.) 



} 



From (art. 61. and 59.), 

since C = 90°, 
cot A sin a = cos a. sin /3, 

.', sin /3 = tan a. cot A ; (6.)| 

similarly, sin a = tan j3. cot B. (7.)/ 

From (2.) and (4.), 

* cos y sin Q 

since cos A = — ; — -. ^y 

sin y cos j3 

J, . n sin /3 

and sin B = -b — - , 

sm y 

. cos A cos y 

• • -1 — s = ^ = cos a, 

sin B cos /3 ' • 

hence, cos A = cos a. sin B ; (8.) ^ 

similarly, cos B = cos fi, sin A. (9.) ^^ 
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Lastly, from (6.) and (7.), 

cot A. cot B = cos a. cos /3, 

.*. cos y = cot A: cot B. (10.) 
In these equations, if the proper substitutions be made for 
the circular parts, it will be observed that JS/apier's rules are 
established, and that in a form adapted to logarithmic compu- 
tation, since they are readily reduced to radius =' r, the 
logarithm of which is 10. 

89. It now remains to apply JVIapier^s rules to the six 
cases already stated. 

Case I. Oiven y and A, to find the remaining parts. 

The rules stated in (art. 87.) immediately give, 

sin a = sin y. sin A, 

tan /3 = tan y. cos A, 

cot B = cos y. tan A. 
If the angle B be given instead of A ; 

sin /3 = sin y. sin B, 

tan a = tan y. cos B, 

cot A = cos y, tan B. 

Case II. Oiven y and the side a. 

rjyx. 'A sin a 

Then sin A = -: , 

sm y 

cos B = tan a. cot y, 

cos y 

cos /3 = -* 

cos a 

The ambiguity of sin A is removed by remembering (art. 79.) 
that if a be greater or less than ^, A must also be greater 
or less than 90''. 
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Similarly^ y and the side j3 being given ; 

sin Jt> ■= -; , 

sm y 

COS A = tan /3. cot y, 
cos y 



COS a = 



cos /3 



Case III. Given a and /3. 



Cos y = cos a. COS /3, 

. tan a 

tan A = -. — -^i 
sin p 

tanB = ^. 

Sin a 



Case IV. Given A awrf a. 

r-^ . -n COS xx 

Sm B = , 

COS a 

sin /? = tan a. cot A, 
sin a 

sm y = -T — T-. 

' sin A 

Since the sine of an arc or angle is equal to the sine of the 
supplemental arc or angle, the values of these sines are doubt- 
ful ; and by producing the arcs, or sides j3 and y, until they 
intersect each other on the surface of the sphere, the angle 
formed at their intersection will = A, and will also be op- 
posite to a ; so that there will be two right-angled triangles 
having the same data. This is the only ambiguous case in the 
solution of right-angled triangles. 

Similarly, if B and ^ be given ; 

. a cosB 

sin A = -, 

cos /3 
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sin a = tan /3. cot B, 

sin fl 



sm y = 



sinB 



Case V. Given a and the adjacent angle B. 

Then cos A == sin B. cos a, 
tan j3 = sin a. tan B, 
tan Of 

^ ^ = 3^- 

Similarly, if j3 and A be given ; 

cos B = sin A. cos j3, 
tan a = sin /3. tan A, 
tan/3 



tan y =r 



cos A 



Case VI. Given the two angles A and B. 

And by the rules, 

cos y = cot A. cot B, 

^ cosB 
cos B = -; — A y 
sin A 

• ' cos A 

cos a = — — tr. 

sin B 

90. These rules are to be applied in subserviency to the 
considerations already made in (art. 127. pt. I.). Thus, if a 
and y be given to determine B, since 

cos B = tan a. cot y ; 
if B be small, or nearly 180°, it cannot be determined by 
JVapier^s rules with sufficient accuracy ; the difficulty is to be 
avoided in the following manner : 



( 
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.1 — tan g. cot y 

"" 1 + tan a. cot y 

COS a. sin y — sin aTcos y 

COS a. sin y + sin a. COS y 
sin (y — a) 

sin y 4- a)^ 

• • *^ T - V W (y + a) j ' 

tan — is necessarily positive, and the value of B will be 

At 

found from this equation with sufficient accuracy. 



91. Similarly, if A and B be given to find y, which is small, 
or nearly w, it must be found from the equation 

/"tan^V- - cos (A + B) . 
V^2;~ cos(A-B)' 

and not from 

cos y = cot A. cot B. 

92. If a = ^ nearly, it cannot be found accurately from 

Mt 

sin a = sin y. sin A ; 
but smce I tan (I - ^U' = j "" ^!" ", (art. 80. pt. I.) 

__ I — sin y. sin A , 
1 + sin y. sin A ' 
1 — tan 



= tan 



(i-*)' 



hence - — ^, and therefore a is accurately found. 



t 
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93. It must be remembered in the solution of right-angled 
triangles^ that a + /3 is greater or less than w, according as 
A + B is greater or less than 180° ; and that A + B ne- 
cessarily exceeds one right angle. 



II. On the solution of quadrantal triangles. 
94. Let C| be the angle of the polar triangle correspond- 
ing to y = ^ in the proposed triangle^ 

IQAO 

then Cj = -^^ (,r - y), by (art. 34.) 

IT 



180° / 7r\ 



= 90°; 

that is^ the polar triangle has a right angle; also^ any two 
parts of the primary triangle being given^ the two correspond- 
ing parts of the polar triangle are also given ; hence the polar 
triangle being solved by Napier's rules, the sides and angles 
of the quadrantal triangle become known from the equations 
in (art. 88.). But Napier's rules may be immediately applied 
to the quadrantal triangle by making the two angles adjacent 
to the quadrantal side, the complements of the two other sides, 
and the complement of the angle opposite to the quadrantal 
arc, the circular parts : thus, by making a^ the middle part, 

sin Qj = tan (iy tan (90° — B,), 
where a, = 180° — A, and .'. sin a, = sin A, 

TT 

-1^^ /3j = 180° - B, and .'. tan j3j = -tanB, 



and tan (90° - B,) = - cot {—- /3 j, 
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= - tan (90°- i^ 13), 

(I -A 



, 180° 
= — tan 

= - tan (I - /?), 
hence, by substitution, 

sin A = tan B. tan [^ — ^J, 

similarly, sin B = tan A. tan f ^ — a j : 

in the same way it may be shown, that Napier*s rules are 
true for the other eight cases. 



III. On the solution of oblique-angled triangles. 

m 

95. From (art. .59. 61. and 76.) it appears that if any 
three parts of an oblique-angled triangle be given^ a fourth 
part may be found ; hence, since there are six parts of the 
triangle in question, namely, the three sides, and three 
angles, it follows that there will be in all fifteen cases; 
because six things combined four and four together produce 
fifteen combinations; but these fift;een cases are evidently, 
contained in the following six, in which are specified the 
parts given to find the remaining, that is : 

(1.) The three sides. 

(2.) The three angles. 

(3.) Two sides and the included angle. 

(4.) Two angles and the included side. 

(5.) Two sides and the angle opposite to one of them. 

(6.) Two angles and the side opposite to one of them. 
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96. Case I. Oiven the three sides. 

It has been shown in (art. 68.), that 

sin 4 = f«in (" ~ /3)- sin (.r - y)y ^ ^^ , 
2 \ sin j3. sm y / 

A /sin tr. sin (<r — a)\i /o % 

cos— = ( . ^ \ ') , (-^0 

2 \ sin p. sm y / 

tan ^ = /sin (. - /?). sin (<r - y)y^ ^3 j 
2 \ sin a. sin (^ — o) / 

sinA= ~ — , — fsinir. sin (or— o). sin(<r— /3).sin <T—y| . (4.) 

sin )3. sm y 

A 

When — is nearly 90"*, or when A is nearly 180°, the 

equation (1.) does not give a result sufficiently accurate; 
because, to a given increment of the arc, the corresponding 
increment of the sine is then the least. (Art. 127. pt. I.) 

When A is small, the variation of the cosine is likewise 
small, therefore the equation (2.) cannot be used with advan- 
tage in this case. 

Again, if — be nearly 90°, or A be nearly r80°, and the 

dJculations are made by the common tables, the third equa- 
tion must not be used; because, when the angle is nearly 
equal to 90°, the increment of the tangent, which varies as the 
secant, is then very great (art. 127. pt. I.) ; which circum- 
stance causes an inaccuracy in the proportional parts of the 
tables ; but since A is seldom nearly 180% the equations (1.) 
and (3.) may be generally used. 

If only one angle be sought, the shortest solution is derived 
from the three first equations ; but if all the angles be required, 
the last equation affords a solution as brief and convenient as 
the three former. 

G G 
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97. The angle A may also be found by means of a 
subsidiary arc : for^ 

^^ ^ _ co8a-cc«£c^y^ (art. 61.) 

sm p. sm 7 
let 6 be this subsidiary arc, corresponding to the subsidiary 

angle — 0, and let 

COS d = COS /3. cos y, 

where 6 is the hypothenuse of a right-angled triangle, of 
which sides equal to /3 and y contain the right angle ; conse- 
quently 6 will be greater or less than ~, according to what 

has been observed in (art. 62.), 

, A cos a — cos 6 

hence, cos A = — ; — - — -. , 

sm p, sm y 

(cos — cos a) 

"" sin /3. sin y * • 



2 sin (^). sin (t-^) 



sin p. sin y 



, (art. 96. pt. I.) 



98, If the arc of a great circle be drawn from the angle A 
perpendicular to the side a, the triangle may be solved by 
Napier*s rules in the following manner : 

Let X »nd J^ be the segments of a made by the arc (= t) 

perpendicular to it ; 

then cos /3 = cos x- co&e, 
cos y = cos }ff. cos c, 
, cos j3 _ cosx 

• . — r> 

cos 7 cos }fi 

y COS /3 ± cosy _ COS x ± COS jr 

ana ^^i^^'Z" ' 

cos 7 COS \f^ 

COS/3 — cosy __ cos X -- COS ^ ^ 

'* eos/5.f cos 7 cosx + cos;^' 
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and tan (T^. tan(l=^ = *^"(^)- *""(^)' 

= tan|.tan(i=x), 

hence tan izX =cot J tan(l+^. tan (2^' 

.-.tan fzLZXV and consequently ^"Z^ is found; 
Let ^ — X = ^> 

••>*' = -J-. and X = -2— 
Hence^ if i// be the segment adjacent to B, 
cos B = cot -yv tan f-^— ) > 

similarly^ cos C = cot /3. tan f ~ J. 

Again^ since cos e, cos °^ = cos y, 

. . cos c = 



or cos e 



COS /3 



cos 



(^^y 



99. If the perpendicular fall without the base^ then ^—x 

z=r. a. and ^"T^ must be found in the same manner as ^"7^ 
'2 * 2. 

has been found above. 



100. Case II. Given the three angles. 
As in the preceding case, from (art. 80.) 
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8in 



• a /— COS S. COS (S — x\)M ,| V 

"2 = ( sinB. sine ) ' ^^'^ 

COS t = (cos (S - B)^s (S-C)y (2.) 
2 \ sm B. sin C / 

. a _ / — cos S. cos (S — A) \l ,oN 
2 ■*" Us (S - B). cos (S^=C)>/ ' ^ -^ 

sin a = -^-,^-,^-p-|-cosS.cos(S-A).cos(S— B).cos(S — C)|*;(4.) 
smB. sinC 

the remarks in (art. 127. pt. I.) will show under what circum- 
stances each of th^bove equations may be applied most ad- 
vantageously. The results derived from the above equations 
are in degrees ; let, therefore, the number of degrees corre- 
sponding to a be denoted by A°, 

then A° = i^lL. «, rad = 1, (art. 19. pt. I.) 

IT 

.. A^; 



180 



irr 



or a! = —3-. A^ ; rad = r : . 

thus the lengths of the arcs may be actually found to any 
given radius. 



101. In (art 76.) it was shown, that 
cos A + cos B. cos C 

cos a = r-^B ^—Fy ' 

sin B. sm C 
hence, if X be assumed of such a magnitude, that 
cos X = cos B. cos C, 
_ cos A + c os X 

• . cos CI t T V — s 7Z~9 

sm B. sm C 

o /A + X\ /A - X\ 
2 cos ( — II — J. cos I ) 

= ^.._2_ / ^ 2 ; ;(art.96.pt.L) 

sin B. sin C 

whence cos «, and therefore a may be found. 
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The subsidiary single X is subtended by the hypothenuse of 
a right-angled triangle^ of which the other two sides subtend 
the angles B and C^ at the centre of the sphere; let the sides 
of this triangle be {, r^ X ; 

then cos £ = cos k, cos X ; 
hence the same observations may be made concerning the 
magnitude of X^ B^ and C^ that have been already made con- 
cerning the magnitude of 6, P, and y. 

102. To solve this case by Napier*8 rules, let P and Q be 
the angles into which the angle A is divided by the perpendi- 
cular let fall on a ; then^ by Napier^s rules, 

cos B = 008 £. sin Q, 
and cos C = cos c. sin P, 
. cosB __ sin Q , 
cosC sin P * 

hence ^Q^ B — cos C __ sin Q •— sin P 
cos B + cos C sin Q -f sin P' 

•••-•(H^-(^)=-m-(V)' 

= cot A. tan (~- ). 

... tan (Q=P) = tan ^ tan (?_|-C). tan (5^, and 

is therefore known; 

let Q - P = D, 
and Q ^- P = A, ^ 

. rx ** A-fD , ti A-D 

~ 2 ' ~ — 2 — ' 

hence, by Ndpier^s rules, 

cos /3 = cot C. cot I — ^ — J, 
cos y = cotB. cot ( — - — 1. 
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Also COS. = ^""^ = coaC 

and cos :L+ — = cosQ. sin B, 
<=osA + D 

.-.cosQ^ -. . f , 
am B 

smia«riy, cos P = L-? — /; 

ttius the s^ments P and Q become known, and the oblique- 
wgled triangle is cranpletely solved by Napier's rules. 

The rcmaimng four cases may also be solved by the same 
rules, but it. will not be necessary to pursue their application 
any further. 

103. Case III. Given two sides and the included 
tmgie. 



Let C be the included 


angle 








« and /3 the given 


sides. 






thfoi 


-(^5) = 


cos 


(^0 


co4, 
iirt.71.1 




^^- 


sin 
sin 


(^0 


-^^ 


><Vom these 





SPHERICAL TiyGONOMETRY. 231 

104. If only one angle^ A for example, be sought, it may 
be found from the equation, 

cot A = cot a. sin /3. cosec C — cos /J. cot C, (art. 84.) 

cot a / . ^ cos C ^\ 

= -:-rf. (sm/i -—.cos/31, 

smC \ cot a / 

1 . cos C X A 
let r- = tan d, 

cot a 
where d is the side of a right-angled triangle, a the hypothe- 

nuse, and C the included angle, 

then, cot A = -t—^ (sin /3 — tan 6. cos /3), 

sm U 

cot g sin (ft — B) 
~ sin C ' cos 

The remaining side y may be foimd from the equation, 

sin V = —' — r« sin a, (art. 59.) 
'^ smA 

Supposing the angle A already determined. 

105. B«t it is preferable to find y by one of the succeed- 
ing methods. 

(1.) From (art. 61.), 

^ cos y — cos a. COS ft 

COS C- = ^ ' n 9 

sin a. sm ft 

/. cos y = COS a. COS ft -f sii^ «• siu ft, cos C, 

=: COS o. COS ft -f sin a. sin ft — sin o. sin ft, vers C, 
-_ Qos (a — ft) — sin a. sin ft. vers C ; 

jience, 1 — cos y = vers y = vers (a — /3) + sin a. sin ft, vers C, 

x,N /i sin a. sin ft, vers C\ 
= vers(a~/3) [l + vers (a - /3) J ^ 

let sin g. sin ^. vers C ^ ^^^^ ^j,^ 
vers (g — ft) 
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/. 2 ^sin 2)* = vere r = vers (a — fi) (sec 6)«, rad = I, 

= vers (o — p) ^^?y^ rad = r, 

. y . /a — /3\ seed 

or,8m5=8m \^—), — . 

(2.) Cos y = cos a. cos /3 4- sin a. sin /3. cos C, 

= cos a. cos /3 + sin a. sin i3. < 2 f cos -^ j — 1 > , 

/ C\2 
= cos (a + /3) + 2 sin a. sin /3. f cos -^ ) , 

/. l-2(sin|y== l-2{sin^?^^}V2sina.sini3.(cos|y, 
hence, (''"^o) ^ l^v — 9~)/ "" ®"^"* s"*/^- (^^*"o) ' 

(C\2 
cos -^1 = (sin /i)*, 

.•.(sin|) = {sm(l+4}'-(8in;x)., 

= {sin(-±-'^ + sin ^} . {sin(^±^ -.sin ,1 } ' 

(art. 95. pt. I.) 
xc„.'(^.,).{sin'(^-.)}. 

,-. log. «« I = ^{log. ,i„ (i+^ + ^) + log. «n (1+? - ,)} 

This is Lapltice's method, but it does not give a result 
sufficiently accurate, when y is nearly ^^ or ^ = g nearly. 
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(3.) If ^ = 5 nearly, it must be computed in the follow- 
ing manner : from the above, 
cos y = cos a. COS /3 + siu a. sin /3. |l— 2 f sin -^j \ , 

= cos (o — /3) ^ 2 sin a. sin /}. (sin -g-j , 
/.2(cos|y-l==:2{cos(^)}*-l~28ina.sin/3Y8in~y, 
hence Tcos^J = {^osr^!-^j| — sin a. sin /3. fsin ^j , 
let sin o. sin )3. (sin-^^j = (cos ^)*, 
and (cos|j = |cos^^!-=^H* — (cos /*)«, 
"^ {^^V"^^/ +cos^}. {cos ^^^^ - cos ^} , 

^W(^' + '-)}-K(^-^)}. 

(art. 96. pt. I.) 

.•.log.»os| = i{log.an(i=^+,)+l„g.dn(i^-f)}. 

(4.) Lastly, since 

cos y = cos a. (cos i3 + tan a. sin /3. cos C), 

if, as before, S^ = tan d = tan o. cos C, 



cot 
cos y = cos a. ^^^JtzJ) . 

cos e 



H H 
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or, if = cot 6, 

cot a 

sin 03 4- 0) 

cos y == cos a. ^^ ^. 

sin 



106. Case IV. Given two angles and the included 
side. 

Let A and B be the two angles, and y the included side ; 
by (art. 81.), 



(^^ 



*^" {-h) = /A + B y *^ I' 



tan 



V""5"/ - " . /A + B^* ^" 2 ' 



hence, the sum and difference of the sides being found, the 
sides themselves are determined by addition and subtraction. 

If only one side, a for example, be required, it may be 
found in the following manner : from (art. 84.), 

cot a = cot A. sin B. cosec y + cos B. cot y, 

cot A / . „ cos y ,,\ 

= -: IsmB -\ 7-r--cosB), 

sm y \ cotA / 

Let£^ =cotX, 
cot A 

J . cot A /sin B. sin X+ cos B. cos X\ 

ana cot a = -t . l ^r^ )j 

sm y \ cos X / 

_ cotA cos (B — X) 
~"sin y' cos X 

* Observe, X and A are the angles of a right-angled triangle 
adjacent to the hypothenuse y. 
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The remaining angle C may be found from the equation, 

sin C = —. — -, sin A, (art 59.) 
sm a ^ '^ 

supposing the side a ahready determined. 

107. But it is better to find C by one of the following 
methods^ similar to those by which the side y has been found 
in the preceding case. 

(1.) From (art 76.), 

cos C + COR A. cos B 

cos y == • — T i — n , 

' sm A. sm d 

.". cosC = — cos A. cos B + sin A. sin B. cos y, 

hence, 1— cos = 1+ cos A. cos B — sin A. sin B. cos y, 

and vers C = 1 + cos ( A + B) -f sin A. sin B. vers y, 

o / • C\* ^ f A + B\a . . . ^ 
.". 2 f sm ^j = 2 (cos — 5 — J + sm A. sm B. vers y, 

^ / A + BV r, . sinA.sinB.versy^ 



, ^ sin A. sin B. vers y 



sm x>. vers y . . , 

A -h B\» = ^^"^ ^) ^ 



, . C /A +B\ ^ , - 

and sm -^ =co» ( — 5 — 1, sec 6, raa = 1, 

/A + B\ sec e J 

1 • C , /A + B\ , 

.'. log. sm -5- = log. cos f — 2 — J + 1^8« sec 6 — 



10. 



(2.) Cos C = — cos A. cos B + sin A. sin B. cos y, 

= — cosA.cosB + sin A.sinB. | 2 f cos o) ""l}> 

= — cos (A—B) -f 2 sin A. sin B. ( cos ^j , 
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or, —COS C = COS (A — B) — 2 sin A. sin B. [ cos ^J , 

/. 1 — cos C = 2 f sin -^ j , 
= 2 [ cos — 5 — I — 2 sin A. sin B. ( cos ^j , 
let sin A. sin B. f cos ^j = (cos M)^, 

/. ^sin -2)*= { cos ^ — ^— )} — (^8 ^*' 

= sin ( — ^ h Mj. sin f — ^ Mj, 

/.log..in^:^^{log.sin(^^+M) + log.siri(^-M)} 

C 

If -5 = 90** nearly, the following method must be used. 

(3.) From the above, 
cos C = — cos A. cos B + sin A. smB. |l — 2(gin5) / ' 

= — cos (A+B) — 2 sin A. sb B. (sin 5) > 

= - 1 + 2 {8in(^-i^)}' - 2 sin A. sin B. (iim^\ 

(C \' 
cos -^ j 

= 2 {8in(— |-^)}* - 3 sin A. sin B. (siii|y, 
or, (cos-g- J = {sinf — ^ — Jj — sin A. sin B. Tsin |j , 

let sin A. sin B. f sfai |j = (sirt M)*, 
and ( cos "^ ) = {sinf — g~")} — ^^^ ^)^ 
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. /A + B , T^,\ . /^ A 4-B T^\ 
.'. log. cos -g- =2 (log. sin ( — i— + Mj + log. sin ^ — ± Mj} . 



(4.) lAstly^ since 

cos C = — cos A. cos B + siu A. sin B. cos y, 



== ain A. cos 7 (smB — '■ ■. cos B ), 

\ cos 7 / 

let = tan X, 

cos 7 

^ sin A. cos 7. sin (B — X) 

• • cos Vy = -^j- • 

cos X 

.« cotA . V 

it , M ■ =± — cot A, 

cos 7 

^ sin A. cos 7. cos (B — X) 

•sCOS \^ = — •"■^r • 

sm X 



108. Case V. Given two sides and an angle opposite to 
one of them. 

Let a and j3 be the given sides^ and A the given angle, 

then —. — T- = -^ — ^, (art. 59.) 
suiA sin a ^ ■ ^ 

. rr ^ fi ' \ 

. . sin B = . . sin A. 

sin a 

Because sin B = sin (180^ — B)^ the solution is ambiguous 
under the same; circmtislances, as in the corresponding case of 
plane triangles ; but since it has been shown in (art. 75.) that 

— ^ — is greater or less than 90°, according as ^ "t * w 

greater or less than ^, it follows that such a value must be 
given to B as will satisfy this condition ; thus, if 



■-,•* 
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^ n be greater than^^ 

and A = 59°, B = 32°, or 148% 

then, since i is less than 90°, 

and ^-x — greater than ^, by the supposition, 

/. B must = 148° instead of 32°. 

Further, it can be shown, that of the two values of the angle 
opposite to /3, that only can solve the problem which is greater 

mm 

or less than 90°, according as /3 is greater or less than ^. 
By (art 72.) 



cos 



C _ - (^ ^^ /A + By 



cot "o- = ^ :^' tan 

cos 



(=i-o 



which detennines the remainiog angle C, the angle B being 
first found. 

By (art 82.) 

'A + B 






^i= )a1bv ^(^> 



hence, the remaining side is also found ; or it may be obtained 
from 

sinC . sinC . ^ 

sm r = . ' , . sm a = . ^ , sm B, 
smA smB 



109. But C and y are better determined as follows : 

cot A. sin C = cot a. sin /3 — cos /3. cos C, (art. 84.) 

1 ^ ^ V cos j3 . cos ^ 

let tan X = r-, or cos A = r — ^, 

cot A tanX 
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. C06/3. sin C . ." ^ ^ 

• • r^ y — = cot o. sin p — cos ft. cos C, 

or^ cos ft, sin C. cos X— cot a. sin ft. sin X— cos ft. cos C. sin X> 
hence^co6)3 (sinC. cosX-tcosC. sinX)=cota. sin/3. sinX^ 
or, cos ft. sin (C + X) == cot a. sin /3. sin X, 
.'. sin (C + X) = cot a. tan ft. sin X, 
from which equation C + X, and therefore C is found. 



110. Also, since 

sin ft. sin y. cos A = cos o— cos ft. cos y, (art 61.) 

cos ct 

/. tan ft. cos A. sin y = r^ — cos y, 

cos ft ' 

let tan = tan ft. cos A, 

cos a. cos 6 



cos /3 
cos a. cos 



.*. sin Q. sin y 4- cos 0. cos y = 

or,cos(y— e) = ^ 

^^ cos /3 

since cos (y — O)=cos (0 — y), it is plain, that this result 
only gives the diflerence between y and 0. From the assumed 
value of tan 0, it appears that ft and are the hypothenuse and 
side of a right-angled triangle, and that A is the included angle. 
Hence, this triangle is formed by the side ft and the perpendi- 
cular let fall from the angle C on y ; consequently, is the seg- 
ment of the base between the foot of the .perpendicular (= c) 
and the angle A ; and y — 0, when A and B are each less 
than a right angle, or — y, when one of the angles A and B 
is less, and the other greater than a right Angle, is the other 
segment of the base between B and e ; since, in this case, 

S2L(y:lA) = £21^, (art. 98.) 

COS COS ft 

cos a. COS 

or, COS (y -^ 0) = ^5 — > 

' ^' ' COS ft 



•,' 
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which is the result just obtained. Hence^ if the perpendicu- 

lar fall within the base^ the result obtained from 

jcos o. cos . , , 

— — -J— = a (suppose) = y - 6, 

if the perpendicular fall without the base. 

Thus the above ambiguity is removed. 

111. Case VI. Given two cmgles and the side opposite 
to one of them. 

Let A and B be the two angles, 

and a the side opposite to A, 

, • n sinB . 

then, sm p = —. — r- sm a : 

smA 

the same considerations which were made use of in the last 

case to determine whether B or 180° — B ought* to be taken, 

must be here applied to determine whether /3 or jt — )3 is the 

arc required. 

As before, /J being found, 

(^ 



cos 



tan X = 



2 fK 

cos 



l-g^. tan (^^, (art 820 



(^ 






COS 

2 ~" /a— /3> 



and cot -^ = ^ ^ ^ . tan I — 5 — j. 



Or, having found /3, as in the last cfuse, 

sin (C -f X) = cot a. tan /3. sin X. 

J / />\ ' cos a. cos Q , . 
and cos (y -^ 0) = ;= — . (a.) 

^ ^ cos ft ^ 
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112. The angle C may also be obtained thus, 

cot A = cot o. sin /3. cosec C — cos j3. cot C, 

, sin C. cot A X X a n 

hence ^ — = cot o. tan p — cos C : 

cos /3 r- » 

let 7, = tan X, 

cos p 

where X is the angle between the hypothenuse /) and the per- 
pendicular from the angle C on y ; hence ^ 

sin C. sin X = cot a. tan fi. cos X — cos C. cos X, 
.'. cos(C ^X) = cot a. tan p. cos X. (6.) 
If the perpendicular fall within the base, 

C — X = D, suppose, 
and .-. C = X +D; 
but if the perpendicular fall without the base, 

X - C = D, 
and .-. C = X — D, 

113. By applying the polar triangle to 

cos (C ^ X) = cot a. tan /3. cos X ; 

and to cos (y *^ 0) = y^. cos B; 

^ cos /5 

there results, 

sin (y— 0) = cot A. tan B. sine, (1.) 

sin (C-X) = ^2!^. sin X, (2.) 

cosB ^ ' 

where cote = 5^, 

cosB 

and cot X = tan B. cos «. 

The equations (1.) and (2.) give the values of y and C in 

terms of the gyoen parts of the triangle. 



1 1 



SECTION V. 



on the remarkable representations of the spherical 
excess^ and other interesting problems. 

114. Prop. 

J^^ Sin 7T. Sin ^. stn C 
Sin f^= ^ ^ 



2 y 

For, from (art. 56.), 

E= (A+B + C- 180°), 

hence sin •^= — cos l-^ + 90° J, 

= _ cos ^ g j, 

/A + B\ C . . /A + B\ . C 
= — cosf — ^ — 1. cos -g- + sin ^ — g — |. sin -g-. 



y 

CO85 

Sin H- Sin -x. sin C 
y 

COS 2 
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By substituting the value of sin C , in terms of the sides of the 
triangle^ 



. E 



2" = g fsiuff. sin(0r_a). sin((r— /3). sin(flr— y)| > 

2 cos K. cos S. cos ^. 



2' ^" 2' ^^^ 2- 
which is Cagnole^s Theorem. 

115. Prop. 

. o . /5 

2 2 / ^ a /3 -n, \ 

CM I 



For, cos -^ = sin f -g- + 9(r j, 

. /A + B + C\ 
= sin ( 2 )' 

• . /A + B\ C /A + B\ . C 

= sm (^— 2— J. cos -^ + cos (-^— j- "n -^. 



^ ("i^ /„ cv » m 



(cos^j+ ^—-- («" 2-)' 



cos I COS g 



a 
COS s« COS 



j. (cc^y ^|^|. (..c)- 

■ H 

COS -^ COS ^ 

+ 



cos 2- COS 5. (^ sm ^j sin g. sin |. (^ sin _j^ 



7 7 

COS ^ COS ^ 

COS g. cos ^ sm g. sm 5 

1 . cos C, 



7 7 

cos 5 cos ^ 
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a . C 

Sin ^. sin -^ 

y 

cos 2 



. Tcot ^. cot|+cosCV 



E a 3 ^ 



hence — g = cot -^ = -j^ 

sin 2- 



116. This expression may also be derived in the follovnng 
manner : 



E /A + B + C 

cot "o- = — - tan 



(AiBiC), 



, /A + B\ ^ C 
tan (--^J + tan -^ 



l-tan(A^) 



A+BNtan£ 

2 



/A + BN '^ (^"2/ C 

where tan (-^-j= ^^^. cot ^.- (art. 71.) 

cos (-^ j 



hence, by substituting for tan f — ^ — J, and reducing, the re- 
quired expression is foimd* 



117. Again, since 

cotj cot§= (U.££!^). (U^, 
A z \ sm a / \ sm /3 y 

1 + cos a + cos fi 4- COS a. COS /3 

~~ sin a. sin /3 

and cos C = cos y - co» °- cos ^ ^^^ g^ j 

sm a. sin p 

hence, by substitution and reduction. 



'f 
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f cot -^5- = 



a Q 

J, cot -. cot I + COS C 



2 " sinC 

1 4- C09 a -f COS j3 -f COS y 

"~ 2 Isin If. sin (<r — a), sin («r •— /3). em [a — y)|** 
which is De Gtta^s Theorem* 

118. Prop. 
Tan I = { tan f. tan {^). tan {^. tan (^-)} i 

Since sin (f^-^^) - sin ( 90^ - -^^ 

= 2sm^ —^ j. cos f ^ ■ ^ J,(I.;93.) 

. o • E /A+B-+.180^-C\ . / A + B\ C 

.'. 2 sin—, cos ( — = J -]!=sin( — 4 — J^cos-^, 



>• 



y 

— . cos -^-^ (art. 70.) 



cos f q( ) — cos 7Z 
7 

cos 2 

2 sin (y). sin (1 ^ C ,, ^^ , ,, , 

= ^ . cos-g-; (I.; 96.) (1.) 

cos I 

. ., , _ E /A + B+ 180° - C \ 
similarly, 2 cos-j-. cos ( „ 1, 



cos 



/ A + B\ . C 
= cos ( — ^ — ) + sm -^y 



2cos^ cos [ o ) 



tr 

2* 



COS 2 



sin g-, (2.) 



J 



• -• ir .« 
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hence^ dividing (1.) by (2.), 

* E sin (ly). sin (l=^ 

tan -r- = ^ 7 r — . cot -j7-> 

4 <r (a — y\ *Z 

cos ^. cos ( 2 j 
sin (fy) . sin (^) . sin ^. sin (.-y) y 

/<r— y \ ' Vsin (ff— a).sin («r— /3)/ * 



COS ^. COS 



sin (Lg^). sin (1^ 



COS ^. COS 



(^) 




. 9 fr . /(T — y\ (a — y\ 

2' "** 2- "° l"2" ;• ^ i~2~j 




(V)- '^ (V)- «" Ct^- '^ (^ 

= { tan |. tan (l^). tan (1^). tan (f^^)}*; 
which is known by the name of Lhuillier^s Theorem. 

1 19. It is shown in the same manner^ that 

^ M+B-C4.18(n^""(^2"'"'^. «>. %. 




In (art. 110.) £ is the perpendicular from the angle C upon 
the opposite side, therefore sin c = sin /3. sin A, by JVdpier^s 
rules. 
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2 



= -t-^ |sin flr. sin (a — a), sin (a — /3). sin {v — y)] , 

2 i 

= -T— jh|— cosS. co8(S— A).cos(S— B). cos(S— C)| . 



120. Prob. To inscribe a small circle in a given spheri- 
col triangle. 

Let ABC be the triangle, O the centre of the circle bca, 
inscribed in the triangle in the same manner as in the case of a 
plane triangle (Euc. IV. 4.) 




06, Oc, Oa, the perpendiculars on the sides AB, BC, AC ; 
join OA, OC ; then, 

Ab + Bc +Ca = ''-J±4r^ = ^. 

.-. Aft = <r — (Be + Ca) = (T - (Be + Co) 

= 0" — a, 

similarly, Be = <7 — /3, and Ca = <r — y ; 

let 06 = Oc = Oa = r ; then, by Napier* 8 rules, 

A . A . 

tan r = tan-^. sin 6A = tan -^, sin (jr — €l); 

. , , fsin («r— p). sin (c — y)l I ./.q v 

.". tan r =sin(<T— a). \ — 5= H^— ^ — ^ \ >(68.) 

^ ' I sm <T. sin (<r — a) J ^ ^ 

— f sin S. sin (g— a), sin (g— /3). sin (<y— y) \^ 
~~ L^ " sin tr / : 

lience, the segments of the sides^ and the perpendicular dis- 



'.■ t 
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tance of the pole from them^ being founds the position of the 
pole is determined. 

121. Let the sides BA, BC of the triangle ABC be pro- 
duced through A and C^ and let them meet in B| : then^ if o-j 

___ *^+^ + yi -_. ^ sum of the sides of the triangle^ so 
formed^ 

iTj — a, = ^ — y, 
o"! — ^l = ^ — <r, 
<T| — 71 = (T — a ; 

let Tj = rad of inscribed circle, 

. . „^ _ / sin tr,. sin {a—a^). sin (<r,--/3J. sin(<Ti— y,) \ i 
..tanrj- ^ ^j^ g^ ; , 

{sin ff. sin (<y — a), sin (jr—p). sin (<y--y) \ I 
sin ((T — /3) J ^ 

= -r-7 Tj:, suppose. 

Similarly, if r, and r^ be the radii of circles Inscribed in the 

other two triangles, formed in the same way, 

n 

tan r«= -; — ^ r , 

' sin (or— a) 

tan r,= — 



^~sin (<r— y) ' 
hence, tan r. tan r^. tan r^. tan 7*3 

~" ^in cr. sin (ir—a). sin (»— /3). sin (^ — y)^ 






122. Prob. 7b describe a small circle about a given sphe^ 
rical triangle. 

Let ABC be the circle described about the triangle in the 
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same manner as a circle is described about a plane triangle in 
(Euc. IV. 5.) 




Let O be the pole of the circle ; a and b the bisections of 
the side ? AB, BC ; join Oa, Ob, which are at right angles 
to AB, BC ; join also OA, OB, OC ; then, 

2 OAB + 2 OBC + 2 OCA = A + B -h C, 

/. OAB + OBC + OCA = 4:J:^JLP = s, 

hence, OAB = S - {OBC + OCA), 

= S - (OCB 4- OCA), 
= S - C; 

let R = radius of the circle, 
then, by Napier*$ rules, 

cos OAB = cos (S — C) = tan ^. cot R, 

y 
.'. cot R = cos (S — C). cot ^. 



Now, cos (S -- C) = cos r 



A + B - C 



) 



A + B> 



A + B 



/A + 15\ U . /A -h 15\ . C 

= COS ^ — ^— j. COS- +sm^ — g — ). sm^. 



^ 1/ 



= ~ ^ cos 



2\ 



(^) 



fa—fiW sinC 
+ cos(-^j). - 



\ 2 



(art. 70.\ 



cos 



ic K 



■ "- ■-• '..jirie. 
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a Q ' 

COS ^. COS ^ 

= , sin C, (art. 96. pt. I.) 

cos Z 

2 cos ^, cos 5 

^sin(r.8in(flr— a).sin(*r— /3).8in((f — >)!♦> 



cos ^. sin a. sin j3 



^ 



2 sin^. sm ^. cos ~ 



hence, cot R = 



o • ® . /3 . y' 
2 sin ^. sin ^. sin jz 



Or, since by (art. 80.), 

cot 2: = / cos (S^A). (cos S>-B) Y - 

^«t 2 V - cos S. cos (S~C) ; ' ^^"^^ ^"•'' 

. jj^^t g ^ / — cosS. cos(S-A). cos(S— B). cos (S— C )\l 
"~ \ cos S / 

= N, suppose. 



123. Let Rp Rj, R3, be the radii of circles described 
about the triangles formed by producing each pair of sides 
until they meet; then, as in (art. 121.), 

'•''**> -<«s(S-B)' 
^ cos(S— Aj' 

3 cos (S— C; ' 
hence, cot R. cot Rj. cot Rg. cot R3 = N^. 



L"!f . 
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124. Prob. To find the locus of the vertex of a triangle 
of given area, with a given base. 

Let the sides AB, AC, be produced to meet in A,, suppose 
Let Rj be the radius of the circle described about this 
triangle, and a the given base of the triangle ABC ; 

then, cot Rj = cos (Sj — A,), cot ^ , 

where S. = ^-|i±5i, 

A-f 180°-B+180"-C ^ A A 
= ^ , forA,= A, 



= 180° -~ 



2 
B^-C-A 



2 ' 

.\ S, -A, = 180°- S, 
and o^ = a, 

.-. cot Rj == cos (180°— S). cot|, 

= — cos S. cot ^ ; 

which is a given quantity, since the area of the triangle being 
given, S is also given ; therefore, the circle is given in magni- 
tude ; and, because it always passes through the extremities of 
the given base a, its position is given, and the vertex of the 
triangle BCAj is therefore in the circumference of this circle. 
Now, since the intersection of two great circles is a diameter, 
the line which joins the points A^ and A is a diameter of the 
sphere ; hence, since the extremity A^ of this diameter traces 
out a small circle on the surface of the sphere, the point A 
likewise traces out another small circle equal and parallel to 
the former. The locus, therefore, of A, the vertex of the 
triangle ABC, is a small circle on the surface of the sphere. 
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125. Prob. The vertical angle being given in magni- 
tude and position J and also the perimeter y it is required to 

find the curve to which the base of a spherical triangle is 
always a tangent. 

In (art. 120.), let the sides AB, AC, which contain the 
given angle, be produced to meet in A„ and let r^ be the 
radius of the circle inscribed in this triangle ; 

A 

then, tan y^ z= tan -~. sin (v^ — aj), 

where A, = A, and a^ = a, 

also, <7j = ^ 2 ^ , 

— / 3 -4- y — g 

-^ - 2 

. . ff, — Oi = IT — - f ^ + a I, 

. . tan r, = tan -^ . sin <r, 

a constant quantity : the curve, therefore, to which the base 

of the triangle is always a tangent, is a circle, whose 

A 

rad = tan -^ . sin <7, and which touches the sides AB, and 

AC produced, and meeting at an angle equal to A. 

126. Prob. Given two sides and the included angle to 
find when the area is a maximum, 

^rom (art. 115.), 



ij 



p, cot ^. cot ^ + cos L/ 



cot -^ = 



2 sin C 



;J 
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The following construction will show when this expression 
is a maximum. 




p 3 »A 

Let ABE be a semicircle, C its centre ; let the arc AB 
subtend at C an angle equal to C: draw BD perpendicular 

to CA, then 

BD == sin C, and CD = cos C. 

Also, take CP = cot 5. cot ^, join PB ; 

PD 9* ^ -f cos C 

then, gg = ^^^^ , 

= cot I* = cot BPD, 

hence, E is a maximum when the angle BPD is a maximum ; 
that is, when BP is a tangent to the semicircle at E : join CE. 
Hence, the angle ACE - 90° = angle EPC, 

or, C - 90° = i. = ^ + ^ +^ - 90°, 

consequently, C = A + B ; 

that is, the area is a maximum when the angle included by 
the given sides is eqtuil to the sum of the two remaining 
angles. 

127. Prop. IfCbe the spherical angle included between 
the arcs a, /3 \ and C the angle between the chords a, b ; 
then, 

CI ti Q /^ . • <* • /5 

= cos -. cos g. cos C -!-.<?/« -. SfTl ~. 



I 



I 
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For, cos y = sin a. sin /3. cos C +. cos a. cos j3, (art. 61.) 
.-. 1 - 2 r sin |Y = 4 sin ^. cos ~. sin |. cos |. cos C 

+ {> - K-^ 8'} ■ {' - K * i)}'- 

or, because C6ay= C= 2sin^, 

&c. = &c. 

.-. l--J = ^- C0S|. COS I COSC+ (l - ^). (l - ^, 

= a6. cos 5. cos^. cosC+ ^ ~ "o ~ o" "T ' 
,.£j^=cos^.cos|.cosC+-^, 

hence, cos C = cos|. cos |. cos C -4- sin ^. sin g. 



128. CoR. 1. IfC =0, 

cosC=: cos (^^)- 

if C = 180°, 
cosC =— cosf "-2"") * 

in both these cases the arcs a and /3 are in the same plane of a 
great circle ; in the former case, C is greater than C ; and in 
the latter, C is less than C. Also, if the spherical angle 
be equal to 90% the angle between the chords is then less 
than 90°. 

COS C — sm g. sm ^ 

129. CoR. 2. Cos C = 



a 



cos o- COS-g 



1 
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COS C T 

4 



___ 4 COS C — ab 

- V' 1(4 - a«).(4 - 6«)| ' 

which gives the value of cos C in terms of the chords of the 
two arcs^ and the included angle. 

If a = 6, 
r, 4 cos C — a^ 

cos C = T 5 . 

4 — a* 



f 



SECTION VI. 



ON THE MEASURING OF SOLID ANGLES. 

130. Prop. If ^ be a solid angle, and A the spherical 
surface to radius unity subtetiding it ; then, 

TT 

A solid angle being the angular space made by the meeting 
of more than two plane angles^ which are not in the same 
plane^ in one point ; if about this point as a centre, a spheri- 
cal surface be described^ it is plain that the solid angle will 
bear the same relation to the corresponding spherical surface^ 
that the plane angle bears to the circular arc by which it is 
subtended : hence the magnitudes of solid angles may also be 
compared by determining their corresponding spherical sur- 
faces to the same radius. Now^ in (art. 51. )y it was shown, 
that the area of a spherical polygon of n sides 

= -^o langles of polygon — (;i — 2) 180°^ , 

where the angles of the spherical polygon are the same as the 
angles at which the planes, that form the solid angle, are in- 
clined to each other. And the greatest limit of a solid angle 
is obviously 360°, and its measure the surface of the hemis- 
phere (= 2ir), in the same manner as the greatest limit of a 



«v 
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plane angle is 18(y^ and its measure a semicircle^ or w^ to 
radius unity. But if a be the arc corresponding to a plane 
angle = A, 

A 



180° 

• 36(r ~ 2,r' 
hence S = . a. 



131. Cor. li a :=i n dy or the spherical surface be 
divided into n equal portions, then 

S 180" 



a. 

n V 



132. It only remains to apply this expression for the value 
of a solid angle to a few familiar instances. 



(1.) To find the solid angle of a cube. 

Since the planes which form the solid angle are at right 
angles to each other, the spherical surface (= a), which sub- 
tends the solid angle, 

= «Z_ (3.90^-2.90°), 
180° 

.'. S = — . = 90^ 

ir 

which is one fourth of the angular space about a point on one 
side of a plane.* Hence, four cubes fldly occupy the angular 
space about a point. 

L L 



-J 
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(2.) To find the solid angle of a regular right prism toith 
a triangular base. 

In this case, 

« = ^ (2. 90* + 60* - 2. 9(r), 

.'. S = 60*, 

hence, the solid angle of this prism 

2 
= ^ of solid angle of cube. 

(3.) If the right regular prism have n sides, it is required 
to find the solid angle. 

Since each of the angles of the base of the prism 

=^11?. 180°, (Euc. I. 32. Cor. 1.) 
n 



= -j^. (2.90°+ ^. 180* - 2.90^), 



_ ^ 2 z 180* 

- 180°' n • ^^ ' 

» 

/. S =^!^. 360^ 
2n 

Hence, the sum of all the solid angles, 

^ „ S = ^^. 360^ 



(4.) To find the solid angle at tie vertex of a regular 
pyramid of n sides. 

Let A = inclination of two contiguous sides, 

then, S= i^ . a= 360° - n (18(r-A). 
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If the pyramid be not a regular one^ aiid A^ B^ C^ &c. be 
the angles of inclination, 

S = 360° — n. ISO*' + A 4- B + C + 

(5.) To find the solid angle cU the vertex of a cone. 

Let B be the vertical angle of the cone, then the part of the 
diameter of the sphere to radius unity, described about the 
vertex of the cone, corresponding to the spherical segment 
within the cone. 



= 1 — cos ^ ; 



.-. a = 2ir(l - cos ?V Diff. Cal. 



hence, S = . a. 



= 360^(l-cos^y 



j3 

If the cone be equilateral, ^ = 30*, 

/. S = 360*. 
If it be right-angled, - = 45*, 

. S _ 2 - 3* 
• S, 2 - 2» 



f-^) 



SECTION vir 



^ " 



ON THE SMALL CORRESPONDING VARIATIONS OF THE PARTS 

OF A TRIANGLE. 

133. To estimate the probable effect of error in observa- 
tion; to reduce observations made in one situation to what 
they would be in a situation little distant ; to take account of 
refraction^ parallax^ precession^ &c.^ it is absolutely necessary 
to ascertain the effect wl^ich will be produced on one part of 
a triangle by the variation of another^ all the rest remaining 
unaltered. In almost all cases expressions may be conveniently 
found by writing down two equations^ one of which results 
from giving to the quantities contained in the other the 
variations which they are supposed to undergo^ and then 
taking the difference. The advantage of this method consists 
in showing precisely the magnitude of the error made by any 
further simplification. The following examples will point out 
more clearly the meaning of what has been just observed. In 
tBs chapter. A, B, C are circular arcs to radius unity. 



134. If the given equation be 

. cos a — cos /3. cos y 

cos A = J — 75 — I « 

sm /3. sin y 
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and aA, and Aa^ be the contemporary variations of A and a ; 
/3 and y remaining unvaried ; then 

cos (A+aA) = co^C^+f^J^fos^-coay . 

sm p. sin y 

/. by subtraction, 

cos (A+AA)-cos A = <^C«±A<^^=^o^« 

sm p. sm y 

but, by Taylor's Theorem, 

cos (A + AA) —cos A = —sin A. aA— cosA. , ^ + • . . 

and cos (a+ Aa) — cos a = — sin o. Aa — cos a. . J + . . . 

• A .A A (AA)» «na.Aa+cosa.-^ ^ - 

hence, sin A. AA-f cosA. Vo — • • = — 7: — -* . 

1.2 sin /3. sin y 

In almost all cases, aA, and th^^fore Aa is so small that it 
is sufficient to take only the first terms of the series on each 
side of this equation ; in which case, 

A .A sin%. Aa 

sin A. AA r= -, — - — , — , 

sin fi. sm y 

, . A A sin a 

anci • • — • A • "Pi . • 
Aa sm A. sin p. sm y 

hence, if the magnitude either of aA, or 'Aa be given, the 
magnitude of the other variation is found. 

If the philosophical problem require great accuracy, another 

and more correct approximate value of AA, or Aa, may be 

obtained by retaining the first two terms of the above series, 

and finding the value of A A in terms of A a, or a a in terms of 

A A, by the solution of a common quadratic equation. 

135. Again, if a be the measured distance from the base 
• of a building ; 8 the arc subtending the observed angle of 



362 SPHERICAL TRIGONOMETRY. 

elevation, and x the required altitude ; then 

27 = a tan ; 

let A X and a be the contemporary variations of x and 6, 
and 

X 4- A:r = a tan (6-f aO), 
/. Aar = a |tan (0+ a 6)— tan 6|, 

= a sec 0. sec (6-|- A 6). sin Ad> (art. lOl.pt.1.) 
and A ar = a (sec 0)* a6 ; aO being, from the nature of 
the case, very small : thus the error of observation being given, 
the error in altitude is found. 



136. Prob. To find when this error is the least. 

By the supposition a is indeterminate, and 

= x cot 6, by the preceding article, 

cos B A 
sm (cos &f 

__ 2 a? A , 
~ sin 20 ' 

which is least when sin 2 6 is the greatest; that is, when 

, 2er= I 
2' 

or, 0= J; 

which shows that the error in altitude is least when the angle 
of elevation is 45° ; or when the height of the building is equal 
to the distance of the observer from its base. 

137. In the equation, 

. ^ = -: ; (art 59.) 

smC sm^y ^ ^ 
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let C = ^, and 

sin a = sin A. sin y^ 
.". sin (a + Aa) = sin A. sin (y+ Ay), A being given ; 
/. sin (a + A a) — sin o = sin A |(8in y -f Ay) — sin y)^, 
, /.AaN.Aa .* / AyX.Ay 

hence^cosla -^ ^-j. sm — ^ ==sinA.cos(y 4- -—-l.sin-^, 

or, if A a and a y be very small, 

sin A. cos y 

Aa = ^.Ay, 

cos O ' 

= sin A. cos /3. A y ; (art. 62.) 

» . . sin a 

but sm A = -; , I 

sm y I 

, cos y ( ^y J^apier's rules, 

and cos p = ^, J 

cos a 

tan a 

. . A a = 7 . A y, 

tan y 
if m and n be the number of seconds in A o and A y, respec- 
tively, 

tan a 



m = n 



tan y* 



cos 



If y = ^, care must be taken in the reduction, and it must 

not be supposed, that, because sin a = sin A in this case^ 
5 a = ; for, from the above, 

/ Aa\ . Aa • a / • ^vV 

, sin A (Ay)* 
hence, t^a ■=• • — ^r- » 

' cos a 2 

= — i tan a (Ay)2, 
= — i*tanA(Ay)2; 
or, m = — 0,000002424 x nMan A ; 
where 0. 000004848 is the arc of I'' corresponding to rad = I. 
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138. Prop. If a^fy, and a a, Ay, be the correspond- 
ing variations of a and y ; where a and y'^ are both trigono- 
metric functions , then 

da . ePa (Ay) ^ , d^a ( A y) 3 

^" = 5;- ^^"^rf^' 172 ^w 1X3 •• 

By the supposition, 

a + Ao =/(y4 Ay), 

rfa rf^a (Ay)V 

or,a+Aa=a+3^. Ay + -^. -y-^- ... 

• A«~ ^ A.4--^. ^^y)' J- ^'" (Ay)^ 

•• ^""" rfy- ^^"^ rfy2 172" "^ rfy3* 1. 2. 3 ' ' ' 

If A y be very small, 

doL 
Aa= -y-. Ay, very nearly. 

If, however, t- = 0, 

,, rf*a (Ay)* , 

then, A a = -^. Y"^ > nearly. 

139. Thus, in (art. 135.), where sin a = sin A. sin y, 
da __ sin A. cos y , 

rfy cos a ^ ^ ■' 

sin A. cos y , 

. , Aa= -, Ay, nearly. 

cos a " -^ 

Again, from (1.), 

rf«o . (day , . . 

-J-5-. cos a — sm a. ^ -^ = — sin A. sm y, 

• ay* - rfy '^ 

, , tt*a sin a. (sin A)*, (cos y)* . 

. . T-5-, coso =a ^ ^-^ '' — sm A, sm y, 

ay* (cos a)' 

let y = 2^ then sino = sin A, and cos o = cos A, • 
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• • "■3:3' = — tan A; 
hence, A a = — tan A \ ^ , nearly, as before. 

This method is convenient when the first differential ooeflS- 
cient does not vanish, and when the neglect of the other terms 
will certainly introduce no error ; but when a particular value 
makes the first differential coeflScient vanish, or when it is 
necessary to examine the terms after the first, the method 
illustrated by the preceding articles is generally to be pre- 
ferred. 

140. By referring to articles 132 and 135, it appears 

from the examples there given, that 

A A sin g ., . 

A a sinA. sin/3.siny* ^ '^ 

J A a sin A. cos y ./ON 

and = ; (2.) 

Ay cos a ^ 

by taking the limiting ratio of these variations, there results 

from (1.), 

rfA sin g 

da sin A. sin /3. sin y' 

J !• /n % ^ sin A. cos y 

and from (2.), -=— = ; 

^ " tty cos g 

hence, it follows, that the ratio of the errors is expressed by the 

ratio of the differentials of the variable parts in the triangle, 

and may therefore be found by simple differentiation, on the 

conditions specified at the close of the last article. 

141. In a right-angled triangle there are three sides and 
two angles which are subject to variation ; hence any one of 
these five parts remaining constant, the limiting ratios of the 
contemporary variations of the rest may be expressed. And 

M M 



866 SPHERICAL TRIGONOHETHY. 

it is plain that in a right-angled triangle the five eases are in- 
cluded in three ; which are^ 

(1.) When the hypothenuse is given. 

(2.) When a side abont the right angle is given. 

(3.) When an angle adjacent to the hypothenuse is given. 
Sii^ce the investigation of these cases is so simple^ it will 
mflSce to discuss only one of them. 

142. Prob. Let the hypothenuse o^ a right-angled 
triangle be given ; it is required to find the limiing ratio 
of the contemporary variations of the other parts. 

By Napier's rules ; 

(1.) cot A = tan B. cos y, where cos y is given, 

. rf A /secB \2 

(2.) sin a = sin A. sin y, 

rfA cos a 

''da cos A. sm y' 



cos a. sin A 
sin a. cos A* 
tan A 



(2.) 



tan a 
(3.) cos A = tan fi, cot y, 

. dA _ (sec /3)^ cot y 

• • "rf)r ihTA — ' 

— — (sec fiy . cos A ^ 

sin A. tan fi 
_ _ 2 cot A 

sin 2/3 ' ^^'' 

. .1 1 dB 2 cot /3 

similarly, -;t— = r-^ ; (4.) 

a o sm 2 a ^ ' 



rfB _ tanB , 

d fi tan /3 ' 



(5.) 



SniBRICAL TRIOOHOHBTRV. 

(4.) lastJy, cos r = 008 a. COB I?, 

/. COS a = COB y. BCC /}, 

hence — ein « rf a = cos y. sec /3. tan |3d/), 
du. _ COB y. sec ;3. tan j 3 
' d^ ~" sin a 

__ coso. sin ;3 _ t^L^ 

sin a. COS (3 ~ tan a' 



(6.) 



143. In the two remaining cases, by a Bimilar application 
of J^apier's rules, and by diflTerentiation, it is readily shown, 
a being given, that, 

d A _ cotB d A _ tanA 

dB ~ tanA' dy ~ tan y 

d A _ _ cosg dB _ sin 2B 

dfi ~ tan a. (cosec A)*' dji ~ sin 3/3* 

d f3 tan y' 

If /} be given instead of a, similar equations may be ehown 
to subsist. The negative sign shows that one of the variable 
quantities is decreasing. 

144. If (he angle A be given ; then 

dB _ tanB dB _ tan /3 

da cot a d/3 tanB' 

dB _ sin 2B da __ sin 2 a 

dy ~ 2 cot y IFft 2 tany3' 

da _ tan a 

-J — = T , «c. 

a y tany 

If the angle B be given instead of A, similar equations may 

be found. 

145. In an oblique-angled triangle there are six parts, 
namely, the three sides and the three angles, which are subject 
to variation ; hence, any two of these six parts I'emaining coi)- 



268 SPHERICAL TRIGONOMETRY. 

stant^ the limiting ratios of the contemporary variations of the 
remaining four parts may be fomid in six equations. It is 
manifest, that all the cases of variation in the parts of an 
oblique-angled triangle are contained in the following four : 

( 1 . ) When two sides are given. 

(2.) When two angles are given. 

(3.) When an angle and the adjacent side is given. 

(4.) When an angle and the opposite side is given. 
It will not be necessary to examine these four cases in detail, 
on account of the similarity of operation. 

146. Prob. Let the two given sides be a and P, it is 
required to find the limiting ratio of the contemporary varia- 
tions of the other parts. 

,, . ^. sin A sin a 
(1.) Smce -,— ^ = -: — ;=, 
^ ^ sm B sm j3 

. . . sin o . T» 
. . sm A = -; — -I. sm B, 
sm p 

, rfA sin a cosB 

d B sin fi' cos A^ 

sin A cosB 

sinB' cosA^ 

tanA ,, . 

= teSB' . (*•' 

(2.) cos C = cosy-cosg cos/3^ 

^ ^ sm a. sm p 

. rfC sin y 

d y '"~ sin a. sin /3. sin C* 

= V = 1 . „ . (2.) 

sin /3. sin A sin a. sin B * *^ 



• . 



,o t A cos a — cos j3. cos y 

(3.) COS A = 8 — a — f- -9 

^ ' sm p. sm y 

hence, by differentiation and reduction, 



i 
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rf A — COS B. sin o — cos B — cot B 



d y sin /J. sin y. sin A sin B. sin y sin y 

(4.) since^ from (2.), 

d y 



i (3.) 



= sin a. sin B, 



rfC 

dA __ — cos B. sin a. sin B __ cos B. sin A ,^ v 
rfC sin B. sin y "" ~" sin C '^ 

(5.) from (1.) and (4.) 

d B cos A. sin B 



rfC ~" sinC ' 

,>. V . -D COS 3 — cos a. COS y 

(6.) since, cos B = ^ 1 ^ 

^ "^ sm a. sm y 

by the same operation as before, 

rfB _ _ cotA 
d y sin y 



(5.) 



(6.) 



147. For the three remaining cases it will be sufficient to 
write down the equations, which express the small contem- 
porary variations. 

When two angles as A and B are given ; then, 
dC ^ sinC dC^ ^ sinC 

da "~ cot j3' d y cot a 

d C . . . _ rf a tan a 

-T — = sm A. sm /3, , ^ = 7 — :;> 
rf y ^' dfi tan /3 

rf a COS /3. sin A rf/3 cos a. sin B 

rf y sin C ' rf y sin C 



148. When the angle A and the adjacent side /3 are given / 



rfB 

rfC 


rfB tanB 

— cos a, --= — , 

da tan o^. 


rf a 
rf y 


^ rfC sinB 

= cos J5, -J — -9 . 

rf y sm a 


&C. 


= &c. 
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)49. When the angle Aand the opposite side a are given; 

dB _ __ C08/3 rfJB __ tanB 

rf C """ cos y' rf /3 "~ tan fi* 

d/3 _ _ cosB rfB _ _ sinB 

rfy "" cosC rfy "~ tan/3. cosC' 

&c. = &c. 



150. As soon as the student- has become familiar with 
astronomical terms^ he will be able to apply the principles of 
this section to a variety of problems^ of great interest and 
utility^ in the science of astronomy. 

151. In the solution of problems^ it is often advantageous 
to find the limiting ratio of the small corresponding variations 
geometrically y by considering the small triangles^ the parts of 
which represent the contemporary variations^ as rectilinear. 
Thus^ if the triangle ABC be changed into the triangle 




A'BC, by the small variations of its sides BA^ BC^ whilst the 
angle B and the opposite side AC continue unchanged; and^ 
if perpendiculars A'a, Cc be let fall from A', C' on AC pro- 
duced towardi A ; because A'C = AC by the supposition^ 
therefore Aa = Cc : and the triangles being regf^rded as rec- 
tilinear^ 

Aa = A A cos BAC^ 



i 



r 
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andCc = - CC cos BCA, 

CC; cos BAG 

"A A' ~ cos BCA' 
da ___ cosA 
d y ~~ cosC* 
By the polar triangle, 

rf A _^ cos a 
dC cos y 

The preceding methods are used when the variation of one 
part is expressed in the square of the variation of another. 



SECTION VIIL 



ON GEODETIC OPERATIONS. 



152. The object of G-eodetic operations is twofold^ namely^ 
the description of a country, such as Great Britain^ with re- 
spect to '^figurey magnitttde, and position, on the surface of 
the globe; and the determination of the dimensions pnd 
figure of the earth. The magnitude of a tract of country is 
found from the circumstance of any one line in it being ac- 
curately measured^ whilst its position is determined by finding 
the geographic latitude and longitude of any place within its 
boundary. But the first thing which is to be done^ is to 
measure with extreme accuracy the length of a line^ which is 
called a base, on a plain four or five miles in extent. The 
principal base being measured^ other bases are measured in 
dififerent situations^ for the purpose of being bases of verifi- 
cation, by comparing their measured with their calculated 
lengths : thus the correctness of the observations is ascertained. 
In the next place, signals are placed at proper stations, and the 
country is divided into triangles by arcs of great circles con- 
necting those signals. When the angles which two signals 
subtend, as seen from a third, are measured either by a repeat- 
ing circle, in which case it becomes necessary to find the hori- 
zontal angle between the signals ; or the horizontal angle is de- 
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i^rmined at onoe by a theodolite. In the principal trian^es 
the three angles are observed^ and the error, if any subsist, is. 
divided among the three angles in the most probable manner : 
this error, in the more careful observations, has seldom 
amounted to 2^. In smaller triangles it is sufficient that two 
angles be measured. 

153. To determine the distances of a signal from the ex- 
tremities of the bcLsey and the angle subtended by it, there are 
given the base, and the two angles observed at its extremities 
to determine the other parts of the triangle. Similarly, by 
observing the angles, at the extremities of one of the sides of 
the triangle just determined, with reference to a new signal, 
there is a second triangle with similar data : let this process 
be continued to any number of triangles, until a base of veri* 
iication be arrived at. The stations are thought to be best 
chosen, when the sides of the connecting triangles are greater 
than ten, and less than twenty miles. The sides of the 
triangles are necessarily very small when compared with the 
radius of the earth. 

154. If it be required to find the length of an arc corre- 
sponding to a degree of latitude, the distance of two places 
in the same meridian must be ascertained, and the latitude of 
each is to be observed. The determination of the length of a 
degree of longitude requires the spheroidal form of the earth to 
be taken in consideration ; but it is not intended to enter upon 
such a subject in this place. 

155. Prop. If the base consist of two parts, as (a) and 
(b), forming a very small angle C, not greater than 49'/ it 
is required to show that the correction 

= ^^ (0.0,000,000,000,01 175) C». 

N N 
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Let c be the line joiniDg the extremities of the lines de- 
noted by a and b; then 

c» == a« + *• - 2 oA cos (ISO* — C), 
= a»+*« + 2a4cosC; 

butcosC=l - J ^^^^C^nearly, 

•"^^ = ^ + * - 2(rTT) (w)* C» nearly, 
= o + *-2T^Trj\ (0.000004848)> O, 

ah 

= a + ^—^ri (0.000,000,000,01175) (?, 
hence (a 4. 6) — c = the correction is found as given above. 



156. Prop. Jf e^ be the base of a system of triangles ac- 
curately determined in feet; the number of seconds in this 
base considered as an arc of a great circle of the eartKs 
surface, 

3600'' 



365155 



a. 



Let a" be the number of seconds corresponding to a : then 
since the number of feet in a degree is 365155, and the num- 
ber of seconds 3600^, 



a" a 



3600" 365155 

a 



.'. a" = 3600". r 



365155 
and log a" = log 3600 -flog a— log 365155. 



J 



8PHBRICAL TRIGONOMETRY. 275 

157. The measured base being a, the sides b and c are to 
be found from the equations, 

. . sinB 

sin o = sm a. -? — r-> 

smA 

sin C 
8m c = sm a. —, — r- ; 

sinA 

hence it becomes necessary to find the value of sin a. 

158. Prop. The three angles of a plane triangle being 
observed, and the side a known; it is required to ^nd its 

figure, when the other two sides are least affected by the 
errors of observation. 

Let the angle opposite to the known side (a) be observed, 

and let the errors of the angles be denoted by a A, a B, a C ; 

then, because the sum of the angles, if erroneous, is supposed 

to be corrected by altering each of the angles by the same 

quantity, 

aA = - (aB + aC); 

and the true equation between a and c is, 

sin (C + aC) 
sin (A -f A A/ 

sin (C -f aC) 



e ^=' a. 



a. 



sin JA- (aB + aC)|' 

sin C + cos C. A C 
sin A — cos A. A C * 
sin C . cos C. A C' 



/sm U . cos U. A C\ , 

= o, (-S— A" + : — A — )> newly, 

\smA sm Ay •'' 



but sin B = sin (180^-B), 

= sin (A 4- C), 

= sin A. cos C 4- cos A. sin C, 
cos C sin B cos A. sin C 

■ ' sin A (sin A)* (sin A)* 



276 SPHSRiCAL TKfGONOMSTRY. 

, /sinC . sin B. aC cx»A,sinC. a C\ 

hence, C ^= a, [ -. — r- + —7-. r^rx- — —- — 7-: — r-rs — ) 

Vsm A (sin A)* («in A)^ / » 

or when A A= 0, since then — aC == aB, 

_ /sin C sin B. A C , cos A. sin C. aB \ 
"^ ~ ^' VimA "^ (sin A)^ ^ (sin A)^ A 

but when there is no error in B and C, 

sinC 
c = a. s — -jT, 

smA 

^, « /sin B. A C , cos A. sin C. .a B\ . 
. . the error ot c = a. { -7-, — r^^ + r-s — rrs 1 > 

\ (sin A)2 (sm A)* / 

..,,,, «., /sinC. aB , cosA. sinB. aC\ 
8Hnilarly,the€rrorofo=a.f-7-5 — vno- t t"^ — TvS )• 

•'^ ^ V \^ (sinA)^ (smAJ* / 

Since, however, the chances of the errors a B, a C, A A, or 
— ( aB + A C), cannot be exactly assigned, all reasoning on 
them must be vague. Yet it is plain that sin A must not be 
small, and it is greatest when A = 90°. But it is likewise 
clear, that there is a greater probability that the signs of aB 
and A C are different, than that they are the same ; since, m 
the three pairs that can be formed of a A, A B, a C, two will 
have errors of different signs, and one will have errors of the 
same sign. If a Band aC have different signs, the errofs 
of b and c will be diminished, by giving cos A a positive 
value : A therefore ought to \m less than 90° ; and if a B and 
aC are probably not very different, B and C should be 
nearly equal. These conditions will be satisfied by a triangle 
differing not much from an equilateral triangle. 



159. Cor. The two angles A and B being observed, the 
expressions for the errors will be as given above ; but there is no 
reason to think that their errors will have different rather than 
the same sign : in this case, then, the errors of b and c will 
probably be the least, if cos A = 0, or A = 90° ; hence, the 



^ 
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the remaining angle of the triangle ought to be as nearly as 
possible a right angle. 

160. Prop. Having given the distance = d o/* two ob- 
jects at different elevations h and h' above the horizon, ifZ 
be the horizontal angle ; 

cos a — sin A. sin h 



cos Zt = 



cos A. cos hi 



Let O A, OB be the directions in which two objects of dif- 
ferent elevations are seen from O ; and let the angle AOB be 
observed. 




About O, as centre, let a sphere be described, and through 
Z, the vertical point to O, draw the great circles ZAC, ZED, 
meeting the horizon COD in C and D; draw the straight 
lines CO, DO : then COD is the horizontal angle = AZB, 
and Z is the pole of CD. 

By (art. 61.) 

cos AB •— c os AZ. cos BZ 
sin AZ. sin BZ ' 



cos Z = 



or, by substituting for AZ = | - A, BZ = g - h ; and 

AB = d; 



.^...^■■iB^Bai 
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« COS d — Sin A. sin h' 

cos Z = T 77 * 

cos A. cos h 

\ 2) COS A. cos ht 

161. Prop. It is required to find the difference between 
the oblique angle contained between two objects above the 
horizon^ and the horizontal angle. 

Let the angle Z r=^d -{- x, 

tfaen^ cos Z = cos (d + x), 

= cos d. cos X — And. ^Hn X, 

= cos d — X. ^md nearly, 

from the nature of the problem. 

__ . • J cos d — sin A. sin H 
Hencccosrf-^. sin rf = ^os A. cos A* ' 

COS d — AA^ , 

= Ccosrf~AA'). |l-i(A» + A'*)|-S 
= (cosrf-AA').|l+iCA*+A'a)|, nearly, 

= cos rf - A A' + ^^ (A? + fi% 

A A' cos d , , . , ,.. 

•'• ^ = -=— T ~ o - J (A 4- A'*); 
sma 2 sma ^ ^^ 

let |) = A 4- A', and q z=z h— h^ 
... .^ = M'. and tJ^ = A« + A'S 

j^ — q^ cos rf . ^ «, 

hence, a? = ^ . ^ — . . , (jr + y'), 
' 4 sm n? 4 sm a '^ ^ 



J, 
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= i (^fj^. tan ^ - q^ ^^t -g j. 

For X, if it contain m seconds^ the quantity m (0.00004848) 
must be used. 

This is called the approximate reduction to the horizon, 
and was first given by Legendre ; but, for observations with 
the theodolite^ it is not necessary. 



162. The horizontal angles being found by the above 
method, the triangles become spherical, and their sides are 
very small when compared with the radius of the sphere. 
These triangles are solved by three different methods. 

First Method. 

The triangles being considered spherical, since the sides 
are very small when compared with the radius : 
sin a a a^ . 






, ^ COS a , a^ 

but = 1 — ^-;;5, 

r 2r* 



and ^1-^^)^= 1 - g^, nearly; 

, sin a a /cos cC\^ 

hence, = — ( J , 

r r \ r J 



or sm 



/cosaU 
ma= «-(^-7-j ^ 
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= a. (coso^'p ; 
the value of o^ being that which is stated in (art. 154.) 

Since a is given in feet or toises^ log a must be found from 
a table where a is expressed in feet or toises : thus^ because 

log sin a = log a 4- t log cos a*, 
sin a is found in feet, hence, 

. . . sin B 

sm o ■= sm a. -r — -.- » 

sm A 

J . . sin C 

and sm c = sm a. — — r , 

sm A 

are likewise found in feet. 

This method is preferred by Delambre to the two following. 



Second Method, 

163. This is to find from the angles of the spherical 
triangles the angles Included between their chords, and then 
to solve the triangle as if it were plane. 
Let C be the spherical angle, 
and C the angle between the chords, 
then, by (art. 127.) 

= COS ^. COS p. cos C 4- sin ^. sm ^ ; 

suppose C = C — X, where x is small, 

then cos C = cos (C — x) = cos C 4- sin C. x, 

= COS ^. COS ^. cos C 4- sm ^. sm ^^ 

hence, a? sin C = sin ^- sin ^ — f 1 — cos^. cos Sj. cos C, 

= -^ — — g — . cos C ; 
but e = o 4- /5, and/ = a — /3, 
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theaafi= ^-^^, and u« + /3» = ^ +/*, 
•:. ^sinC = ^^ - --^. cos C, 

In these expressions the angles are expressed in numbers, 

«' , 

rad= I ; if «=« feet, instead of e the quantity-—, — j^ — : , 

numb, of feet in rad 

must be used ; and for x, if it contain m seconds, the quantity 
m X 0.000004848. This method was used in the English 
survqrs. 

TTiird Method. 

164. It U required to find th& qtumtity by which the 
spherical angles must be diminished^ in order that the tri- 
angle may be treated as a plane one. 

Let the sides to radius r be a, 6, c; then to rad = 1, the 

sides of a similar triangle are f, -, £ . and 

r r r 

• o • o ^~' a 
, - sm -. sm 

1 -I- cos A __^ r r 

2 "^ . b . c ' 

sm -. sm — 
r r 

\r 6r^J V r 6r^ J \r QrV Vf 6r7 ' 

o o 
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S.(S-a) _ S.(S-i») /' S' + (S-o)■-i'^o' ^ 

"^ FT" be \ 8T^ ^ /' 

_ S.(S-a) _ 3. (S-»l / »«- ( i - ^n 

- ic SF~ V r2r> /' 

= ^^i^ - 157!- (^»"S..in(S-»).m.(S-6).sm(S-0. 

Let A', B', C, be the angles of the plane triangle, 

. 1 + cos A 1 + cos A' bo ,. .,,, 

•• 2 = 2 15^ (-i"*)' 

.'. COS A = cos A'-— 3-s (sin A')* : 

= cos (A' + X), suppose, 

= coa A' — 1^. sin A', neariy ; 



180" 



be 



-g^. 2 . Bin A, 
= -s-j X area of plane triangle, 
■. a: (0.000004848 = ~, suppose, 

hence, if x contain (0.000004848) n times, 

, . a 

" ~ 3 r» X 0.000004848 ' 
rhia cpirection is the same for each of the angles ; 
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•*• A s* A — Wf 

» = B - «, 

C = C - «, 

and 3a: = A + B + C — 180° = E, 
E 
•• ^ "■ 3* 
Hence^ the proposed triangle may be treated as a plane 
one^ wh^n its spherical angles are diminished by an angle 
equal to one third of the spherical excess^ which seldom 
exceeds 5". This Theorem is likewise due to Legendre. 

165. The area of the triangle being found in feet, 
log (3 r^ X 0.000004848) == 9, 8038940, 

the number of feet in a degree on the earth*s surface being 
estimated at 365155 feet. The area of the triangle can always 
be found with sufficient exactness from its parts, which are 
known accurately eti6ugh fo^ practice. 

166. This method is not confined to triangles, the sides of 
which lire very small ; it majr be applied even to ca^s, where 
the sides exceed a degree and a half, with sufficient accuracy. 
It is likewise applicable to triangles described on spheroids of 
small eccentricity. 

167. Since, in article 162, 

be , ,, 
^^^ a = -^ sm A , 

At 

and that, b = a. ^^ ^ ^,; for sin (B' + C) = sin A', 

_ smC 

''-"•8in(B' + CV 

o» sin B'. sin C . , ..^ ,. . , 

• • * ~ "o* sin C& 4- Cf ) * ™ terms ot the observed angles. 
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168. Prop. 7%6 area of the.triangle being given in 
square feet, it is required to find from it the spherical excess 
in seconds. 

Jjdt a be the area of the triangle to red = r, the earth's 

radius; then^ 

_ . J 180. 60. 60 a r . m \ 
E in seconds = . -5-, (art 01, ) 

_ 1 80^ length of degree in feet . 

or^ in seconds^ 

^ ^ 180. 60. 60. (60859.1)6 

_ 180. 60. 60 60859.1 
• • *■ - ;; 600 ' 

X (600)«a 



,-. E = 



-(QQ^k X 206265J, 



180.60.60" (60859.1)' 

(600)»a 
206265. (6085&. l)** 

/ 60859. 1 
(600)» 

= log o - 9. 3267737. 

Thus, if log a = 8. 5026828, 

log E = - 1.1758591, 

the number corresponding to which is 

.14992, or E = 0*. 15. 



SECTION IX. 



/ 



ON REGULAR POLYHEDRONS^ &c. 

« 

169. Prop. If ¥ '=^ number of regular faces, 

E = number of edges, 
S = number of solid angles, 

n = nwnber of sides in a/ace, 

2F 

then,n¥ = 2E, or n = ^, (1.) 

awrf F + S = E -f 2. (2.) 

(1.) Since every edge is made by two sides^ therefore the 

whole number of sides in the polyhedron* 4s equal to 2 E ; but 

this number is also equal to n¥, 

.-. nF = 2E, 

2E 
or n = -^. 

(2.) .Take any point within the polyhedron^ and from it 
draw lines to all the angular points ; then^ if a spherical sur- 



* For the definitions of the regular polyhedrons, &c. the student is referred 
to Euc. XI. Def. 
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face (rad = 1) be supposed to be described about this point, 
cutting the lines just drawn^ and the points of intersection be 
joined so as to form as many spherical polygons as there are 
faces in the polyhedron ; the area of one of these polygons 

=^ -j^ Jangles of polygon — (fJ— 2) 180^^; 

hence, the area of all these polygons, or 

-j^ jFxanglesofpolygon-F(w~2) 180^|=4«-, 

which is the surface of the sphere rad = 1. Now, it has been 
shown, that nF = 2E^ and all the spherical angles that can 
be formed about a point on the surface of a sphere = 360% 
therefore F x angles of polygon = S. 360** ; 

hence, ^ |S. 360*^-.(2E-2F) 180"|:^ 4,r, 

or S — E + F = 2, 
/. S + F = E + 2. 
It is manifest this equation is also true when the polyhedron 
is not regular. 

170, CoE. E-F = S-2. 

171. Prop. TTte sum of all the plane angles, wMeh/oftn 
the solid angles of a polyhedron 

= (S - 2) 360°. 

For all the interior angles of one of the faces of (n) si4te= 
(a — 2) 180*, therefore the sum of aU the plane angleft dt all 
the plane faces = F (n — 2) 180°, 

= (F« — 2F)180°, 

= (E - F) 360°, 

= (S-2) 360°. 
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172. Prop. If n •= nv/mber of sides in a plane face, 

m s=: number of plane angles conttun- 
ing a solid angle; 

thenS = ^1-7 — ; — r , 

2(m+»)— win 

F = ^"^ 

2(77i+n) — »in 

T^ mn2 

E = 



(~^ 



2(»i + n)— mn' 
For each plane angle of the solid angle 

180^ 

hence Ihe sum of all the plane angles^ which form one solid 
angle = m, f j 180°, and, therefore, the sum of all the 

plane angles which form all the solid angles = m. [ ] 

S. 180% 

hence, m(^^ S. 180°= (S-2) 360^, (art. 169.) 

.'. wi« S — 2 m S = 2 w S — 4n, 
hence ^2 («i + «) — mn\ S =: 4 «, 

2 (m + ») — mn 
Also, F = E + 2 — S, 

«F 4m — 2mn 

2 2(m-^ n) — mn 

n—2 p _ 2m(n-'2) 
2 ' 2 (m + n)— m n 

and F = o, ."^"^ (2.) 

2(m + n) — mn * '^ 

And, since E + 2 = S + F ; there results, 
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g _ 4m-f4» g 

2 (w» + «) -^ »«« ' 

2mn 



2 (m + «) — w»«' 



(3.) 



i 7«5. \yOR. «i — - — > -5- — -pr- > 

. r m S 2 

, E It 

sncl -S3- = -x* 

F 2 



174. Prop. 7%ere cait be only five regular polyhedrons^ 
viz. the tetrahedron, the hexahedron, the octahedron, the 
dodecahedron, and the icosahedron. 

' Since S, F, and E^ are by the supposition positive integecBj 
their values as found in (art. 17Q.) must also be positive inte- 
gers ; hence 2 (m+n) must be greater than mn, or must 

(1.) Now the least values of m and 11 are 3 and 3, in which 

case "^ is greater than ^ ; and the values of S, F^ and £ 

are 4, \, and 6 respectively: hence the solid is a regular 
tetrahedron, or pyramid. 

(2.) Let m = 3, and « = 4 : then is greater than ^ ; 

and S=8^ F=6, and E= 12 ; thence the solid, in this case^ is 
a hexahedron, which is the same as the cube. 

(3.) Let m=z4, and « = 3 : then is greater than s: 

and S= 6, F = 8, and E = 12. Or, the solid has eight 
plane triangular faces, for which reason it is called an octahe- 
dron. 



^m 
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(4.) If m = 3, and n = 5, the condition of — — beine 

m ® 

greater than ^ is still fulfilled ; and S = 20^ F = 12, and 

E =r 30. In this case the solid is a dodecahedron. But if 
m be still = 3, and n be any number greater than 5, the re- 
quisite condition is no longer satisfied; which circumstance 
shows, that there can be only three regular polyhedrons, when 
m = 3. If m == 4, and n also = 4, or any greater number, 

is not greater than ^ ; hence there can be only one re* 

gular polyhedron, viz. the octtihedron, when m == 4. 

(5.) If m = 5, and n =■- 3, the requisite condition is ful- 
filled, and S = 12, F = 20, E = 30. And the solid is an 
icosahedron. 

But if 9n be 5, or any number greater than 5, and n be any 
number greater than 3, the requisite condition ceases to exist. 
From the above remarks, it is- concluded that there are five, 
and not more than five, regular polyhedrons. 



175. Let 2 (m -\- n) — m n = 0, then S, F, and E, each 
equal infinity ; hence, the solid in this case must be a sphere, 
the surface of which is supposed to contain an infinite number 
of regular plane faces. 

176. Prop. 

Let n = number of sides in afaceofthepolyhedrony 
m = number of plane angles in a solid angle, 
I = inclination of two contiguous faces ; 

180° 

T COS 

1 m 



then, sin -^ = 



2 . 180^ 

sm 

n 



p p 
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Let AB be an edge of the polyhedron^ D its bisection, 
C the centre of one of the faces^ E the centre of an adjacent 




face; join CD, DE, which are at right angles to AB: then 
the angle CDE measures the inclination of the two contiguous 
faces. In the plane in which CD and DE are, let CO and 
EO be drawn at right angles to CD, DE meeting in O ; join 
OA, OB, OD; about O, as a centre, describe a spherical 
surface cutting OA, OD, OC, in a, b, c, which are supposed 
to be connected by arcs of great circles ; then, because the 
plane COE is perpendicular to the plane AOB, the angle 
a 6 c is a right angle ; also, the angle 

360** 180^ 



cab == 



2» 

360^ 



m 
180* 





- ~-o— ' 


2n 




n ' 


hence. 


by JVapier*s rules. 








cos c a 6 = cos c 


b, sin ac6; 


but cos eb 


= cos COD: 


= cos 


^90" 


• 


. I 


cos cab 
'" sin acb ~~ 


cos 


180° 
m 




• 


180" 



I\ . I 

-2) =''"2' 



sm 



n 
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henoe^ in the five regular polyhedrons, the values of m and n 
being given, the inclination of two contiguous faces can be 
found. 



177. Cor. Since, from (art. 171.), 

2E , 2E 

m = -g-, and » = ^ ; 

J cos I 90- 

.'• sm g- = p« . 

'^ sin £r 90* 

E 



178. Prob. To find the value of I in the five regular 
polyhedrons, 

(1.) In the tetrahedron, »t = 3, and « = 3 ; 
. I _ cos 60^ 1 ^ _ ,1 

'^"2 - iSTeF = 73' ^^"^^> ^ = ^^' " 3- 



• . 



(2.) In the hexahedron, m = 3, and » = 4 ; 

. . I cos 60° 1 , 

. . sm 25 = -; — J— = — -rr ; hence, I = 90 . 
2 sm 45° v^2 ' 

(3.) In the octahedron, m = 4, and ti = 3 ; 

. . I _ cos 45° /2 , T yf ^\ 

•• '^"2- ihr60° = V 3;hence,I = cos-'(.-gj. 

(4.) In the dodecahedron, m = 3, and w = 5; 
. . I cos60° 2 I. T i/l~v'5\ 

(5.) In the icosahedron, m = 5, and » = 3 ; 

.1 cos 36° l + >v/5 , T ,/ V5\ 

••^^"2=snr60° = -273-^ hence, I = cos- (-^). 



292 SPHERICAL TRIGONOMETRY. 

179. Prob, To find the radius of the sphere inscribed 
in a regular polyhedron. 

From the construction of the figure in (art. 176.), it is plain 
that OC = OE is the radius of the sphere required: let 
OC = r,andAB = 2/. 

Now, the angle ACD = i, = , 

^ ^ n n 

.'. I = CD. tan , 

n 

or, CD = /> cot — T- ; 

n 

hence, CD = CO. tan COD 

= r. tan ^90° - |) 

= r. cot - = /. cot , 

2 n 

7.1 . 180° 

/. r = /. tan ^. cot . 

^ n 

If the solid be given, I and n are known ; therefore, the 

magnitude of r can be obtained. 



180. Prob. To find the raditis of the sphere circum- 
scribed about a regtUar polyhedron. 

From figure in (art. 176.), it is obvious that the radius of 
the sphere required is equal to OA, or OB. Let OA = R ; 
and, from the last article, 

nn 7 .180° An 180° 

CD = /. cot = AC. cos , 

n n 

. AP 7 180° 

. . AC = L cosec 



n ' 
hence, R'^ = OA« = OC^ + AC^, 
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and R«— r« = /* fcosec— ^j ; 



also, R« = P (tan ')• (cot 1^)V P (cosed^)'; 



{/ 180° V/ , 180° V -» 

(cc«_)(cot— ) I 

fsi„18oiy_/ i80iy + J. „ ; I 



(si„l^y-(cosl^) 



./ 180° V/ 180° V /' 180° V 

^ . r^-^J v^^-F-J ~r^i;r J . / 

= /»■( 7 ,o»ov. 7 .o/^A^o + COSCC 



180 
180° \* / 180° V V 



= P 



f . 180° \» /„ 180° \ 
/ 180" \« 




{1 — f cos 



( . 180°\« / 180° \' 
\( . 180°V 



/ . 180° V ( ^ 180° \ 



|0 V2 > 



, . 180" 
I sin 



.R = 



/ r/ . 180°V ( 180°\«i 



iQi D R , 180° , 180f> 

181. Prop. — = tan . tan , 

r m n 

and K = /. ^a;i 7^, tan 



2' m 

OC r 

Since =r^ = r=- = cos AOC, from fig. in (art. 176.) 

= cos ac = cot cab, cot ach, 
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, R , 18(r , 180" 

hence — =r tan . tan ; 

r m n 

1 u , 180- ^ ISO" 

also K= r. tan . tan , 

m n 

= /. tan ^. tan . (art. 177.) 

2 m ^ 



182. Prob. To find the vcUues of r and R in the five re- 
gular polyhedrons, 

(1.) In the tetrahedron^ since m = 3 = n ; 

5 = (tan 60)« = 3, 

.-. R = 3r: 

also R«~ f*= P (cosec 60)*= ^ ; (art. 178); 

, 8 R« 4P 

hence -g- = -^, 



.•. R = (t;) /, and r = —-2. 
V2/ \/6 



(2.) and (3.) In the hexahedron^ smce m = 3 and n = 4, 
and in the octahedron, m = 4 and n = 3; 

R 

.*. — = tan 60°. tan 45°= v'3, in both cases : 
r 

also R«— r« = /* (cosec 45°)^ when ti = 4 ; 

= 2P, 

/. R'* = 3P, 

andR = / \/3,r = l: 

when n = 3, in the octahedron ; 

Ra— r« = P (cosec 60°)S 

_4/» 



.-. R = / ^/2, and r = i/ ^^ /. 
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(4.) and (5.) In the dodecahedron^ m — 3, and n = 5 ; in 
the icosahedron^ m = 5, and n = 3 ; hence, in both these 

cases, 

R 

- = tan 6(r. tan 36% 



= ^6 



' 5 + 2^S) \, 

— 15—;' 

also R»— r* = /» (cosec 36°)«, n = 5, 



- 8 ^' 
hence R = (^^%+ ^^ /, n.dr =^^^^^^^^^^1: 
lastly, R«—r« = P (cosec 60°)«, n = 3, 

-3 ' 

^ir= ^^"^ \ '^^'^ I. 

R 

The values of — in the four last polyhedrons show, that if 

r 

the two pairs of solids were respectively inscribed in a sphere, 
each pair might be circumscribed about another sphere, and 
the contrary. 

183. Prop. TTie content of a regular polyliedron 
rnP tan - » cos 



: where tan-rr = 



In the fig. (art. 176.) from O the centre of the inscribed 
sphere, draw OA, OB, &c. to all the angular points of the 
polyhedron, which will consequently be divided into as many 
pyramids as there are regular faces in the solid, the radius (r) 
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of the inscribed sphere being the altitude of each pyramid : 
hence^ if a be the area of each plane face^ the content re- 
quired 

___ Far 

where a = Tqao-* (^^^' 315. pt. I.) 

tan 

n 

and r =z L tan^j. cot ; (art. 177.) 

hence, by substitution, 

F w/3 tan I 
the content = 



in polyhedrons of the same kind. 

Far 
184. By substituting in the expression —5— the results al- 
ready obtained ; C^, C^, &c. representing the contents of the 
tetrahedron, hexahedron, &c. 

C4 = 2^ (470-210^5) l\ 
C* = ¥ ^(14+6^5) P. 



185. Prop. The number of faces, which have an odd 
number of sides, is always even. 

The same notation remaining, 

let/g = number of triangular faces, 

y^ = quadrilateral . . ., 

/,= ..... pentagonal. . . ., 
&e. = &c. 
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then F =A+'A+A+MA ■ ■ ' ^s/„, 

and the whole number of sides, ,• 

which = 2 E = 3/3+4/,+5/, + . . . . =2!n/«; 
hence 2E- 2F = /^-\- 2/^+3"/^ + . . , . =S(«-2)/., 
■ "but F:+ S" = E +■ 2, (art. 169.) 
.-. 2S = 4 + 2E-2F, 

= 4+ 2(n-2)/,j 
which shows that 2 (n — 2)/^ denotes an even number, 
'"•/3+2/4-|-3/;-f4/,4-5/, -f . . . = even number, 
or (/3+/5+/7+ • • • )+ 2C/;+/,-h2/e-l-2/, + )=evennumb. 
''•/^-¥/i-\-f^ 4-. . = difference of two even numbers is like- 
wise even. 

. . ♦ 

186. Cor. 1. Since the least value of « is 3, the least 

value of sy„ ==y3> ^^ which case F =^3 : in the case of the 
three regular polyhedrons wi4:h triangular faces the even values 
of y^ are 4, 8, and 20; as has been seen already. 

... . . , . -■ : ■ f 

187. CoR. 2. ^n/n cannot be less than S/^; that is> 2 E 
cannot be less than 3F; but 2E may equal 3 P, as is the 
case in the regiilar tetrahedron. • Abo, since 2 S '= 4 + sy , 
when n has its least value, it foUowsr that S cannot be less 

F 

than 2 4- — , but S may equal this quantity. 

» 

188. Prop. There cannot be a polyhedron, all of tvhosa 
Jhces have each more than five sides. 



Since no solid angle can be contained* by .fewer than three- 
plane angles, 

cannot be less than 3, 



» • » 



. s 

or4E . . . ; . 6S, : 

Q Q 
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/. ^2nf^ cannot be less than 12 + 2(3n— 6)/„, (art. 183.); 

hence • 

S {^—n)fn cannot be less than 12; 

that is, by giving n its succest^ve values of 3, 4, 5, &c. 
3/3+2/4 +/5~/7-2/8-3/,-. . . . cannot be less than 12; 
or 3/3+2/^+75 cannot be less than 12+/+2/g+3/^+ ... 
Now, if there were no faces in the polyhedron with three, 
four, or five sides, 3/3+2/^+/^ would =0 ; hence it is con- 
cluded, that there cannot exist a polyhedron with faces which 
have more than five sides in every face. 

189. Prop. In all polyhedrons of whatever kind; 

2F is not less than S + 4, 
and 3F E + 6. 

Since S (6— w)/„ cannot be less than 12, 

.'. 6s/« -^nfn 12, 

or 6F - 2E 12,(art.l85.) 

hence 3F E + 6; 

again, because 3 Fis not less than E + 6, 

that is, 3F ..,,..., 4 + (E + 2), 

.-. 3F 4 + S + F, 

hence 2 F ........ S + 4, 

2 E 

190. Prop. J^ — ^ , which denotes the mean number of 

plane angles forming ea^ch solid angle, be greater than 4; 

then 

E is not greater than 2 F — 4, 

and S F — 2 y 

where the lowest limit of F is 8. 

For, since 2 E is greater than 4 S, 

.-. 2E 4(E + 2- F), 

or 2 F - 4 E, 
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/. E 18 not greater than 2 F — 4 ; 
again^ 4 S is less than 2 E, 

/. 4 S is not greater than 2 (F + S — 2), 

or 2 S 2 F - 4, 

/. S F ~ 2. 

Since 2 JB is greater than 4 S, 

S nf^ is not less than 8 + S (2fi — a)/«, (art 185.) 
Hence^ by making n = 3, 4^ 5^ &c. successively, 

3/3+V4+y»+-is not less than8+2/3+4/,+6y;4-8/e+.. 

.-. /3 . 8 +/5+2/, 4- 3/^ + . . , 

this shows that the solid must have at least 8 triangular faces, 
on the supposition that 2 E is greater than 4 S. Hence, the 
lovirest limit of F being determined, the lowest limits of S and 
E are found. 



2 E 
191. Prop. If — «— be greater than 5; 

5 
E is not greater than ^ (F — 2), 

andS |(F- 2), 

where the lowest limit of F is 20. 

For, since 2 E is greater than 5 S, 

/. 2E 5(E 4- 2 — F), 

or5(F + 2) 3E, 

/. E is not greater than ^ (F — 2) ; 

again, 5 S is less than 2 E, 

/. 5S is not greater than 2 (S + F — 2j, 
.-. 3S 2(F~2), 

and S I (F - 2). 
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Since 2 E is. greater than 5 S, 
.-. s m/„ is not less than 10 + S (-| - ^j A' C*^* ^^^'^ 
hence3/3+4/,+5/,+..isnotlesstban lO+gA +5/.+ -2-^»+ • 

.-. 6/3+8/,+ 10/, + f + v3-»-io/:+i;/* + • 

.-. /j .... . . .20+2/,+5/5+8/8+... 

Hence the solid must have at least 20 triangular faces, and 
the lowest limits of E and S in terms of F have been de- 
termined, 

192. Prop. There cannot be a polyhedron, which has all 
itt solid angles formed of six or more plane angles. 

It has been observed, that the mean number of plane angles, 
composing a solid angle,isdenoted by ^. And by (art. 185) 

2S = 4 + s(«-2)/„, 

= 4 +/3+2/4+3/»+4/«+5/t + • • • 
bv aiving to » its values of 3, 4, 5, &c. 
''^ ^..|s= 12 + 3/3 + 6/, +9/, + 12/e + ... 

= 12 + 2E + 2/, + 4/, + 6/« + 8/, + . . 

2E =6-^-|(/4 + 2/5 + 3/. + --); 



• • 



hence the mean value of ^ is always less tha., 6, and the 
truth of the proposition becomes evident. This agrees with 
r c-id^aU that the least value which each plane a.gle, 
te w"h another, could have, would be the angle of an eqm- 
llrl triangle, six of which angles are equal to four nght 
:!^xtTJ, ^onsequenUy, greater than the sum of the plane 
angles in any solid angle whatever. 
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193. Prop. ^ m = mean number of plane angles in a 
solid angle ; then^ generally^ 

S |2 (wi + n) —m «| /; = 4 m, 

.-. 2 S 71 /, =:4»i4-S(mn — 2 m)/,, 
hence, S |2 (w 4- ») — w »^ /,. = 4 w. 

194. Cor. By means of this equation^ the value or values 
of n and ofy». being assigned^ m is easily obtained ; thus, if the 
polyhedron be a regular tetrahedron, n=3, and/3 = 4 = F, 

.'. (6 — w) 4 = 4 w, and m = 3. 
If the values of » be 3 and 4, 

195. Prop. -^^ a polyhedron has all lY* /ace* triangular, 
and if its solid angles be formed by five and six plane 
angles, the solid angles formed by five plane angles will 
always amount to 12, whilst those formed by six plane 
angles may be any number whatever. 

Let W5 and f»g express the number of solid angles formed 
respectively by five and six plane angles, 

then, S = Wg 4- ^6' ^^^ 6 S = 6 m^ 4- 6 Wg, 
and 2 E = 5 m^ + 6 /Wg, 
hence, 6 S — 2 E = w^ ; 
but 2 E = S nfn = 3 F, since the only value of w = 3; 
and 2 S = 4 + S (» - 2)/,. =^ 4 + F, 
/. 6 S = 12 4- 3 F, 
hence,6S-2E = 12 = wi^: 
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hence^ also, S = 12 + m^ (1.) 

/. 2 S = 24 + 2 mg = 4 + F, 
.-. F = 20 -f 2 mg, (2.) 

and 2 E = 3 F = 60 + 6 Wg, 
.-. E = 30 4- 3 mg. (3.) 

The equations (1.), (2.)^ (3.), show that m^ being indetenni- 
nate, S^ F^ and E^ are likewise indeterminate.* 




* Legendre*M solution of the problem, To find the number of conditions neeeuary 
for determining any polyhedron. 

" Suppose, first, that the polyhedron iaofa determinate kind, in other words, 
that we know the number of its faces, the number of their sides indiyidually, 
and their arrangement with r^^ard to one another. We therefore know the 
numbers, F, S, £, and likewise y^/4,/5,/g, &c.; we only want £uther to dis- 
cover the actual number of given quantities, lines or angles, by means of which 
the polyhedron may be constructed and determined. 

** Let us examine one of the polyhedron's faces, which we shall regard as its 
base. Suppose n to be the number of its sides ; there will be 2» — 3 data 
required to determine this base. The solid angles out of this base amount in 
number to S — j« : the vertex of each solid angle requires three data for deter- 
mining it ; hence the position of S — n vertices will require 38 — Sn ; to which 
adding the 2n — 3 data of the base, we shall have in all 3S — n — 3. But this 
number in general is too great ; it must be diminished by the number of con- 
ditions necessary for making the vertices which correspond to the same fiice lie 
all in one plane. We have called the number of sides in the base n ; let us in 
like manner call the number of sides in the other faces n', »", &c Three points 
determine a plane ; hence whatever more than 3 are found in each of the num- 
bers n'f n",&c., will give just so many conditions for making the difierent vertices 
lie in the planes of the faces to which they belong ; and the total number of 
conditions will be equal to the sum (n' — 3) -f- («" — 3) + («'" — 3) + &c. But 
the number of terms in this series is F — 1 ; and, moreover, n + h' + a" + &c. 
= 2 £ : hence the sum of the series will be 2E — n — 3 (F — 1). From this 
sum take away 3 S — n — 3 ; there will remain 3S — 2E + SF — 6, a quantity, 
which by reason of S "i" F = E + 2, may be reduced to £. Hence the number of 
d€tta neceeeary for determining a polyhedron, among aU those^rfthe tame tpecies, is 
equal to the number of itt edges, 

** Observe, however, that the data here spoken of must not be taken at ran- 
dom among the lines and angles which constitute the elements of the poly- 
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IQ6. Prop. Oiven the three edges a, b^ c, o/aparallelopiped 
meeting in a painty and A^B^C^ the angles between the edges : 
then the perpendicular altitude of the parallelopiped^ or 

p = -^ V \iin S. sin (S-A). sin (S-B). sin (S-C)|. 
sin A. 

Let the three edges of the parallelopiped be OA = a^ 



hedron; for, although there were as many equations as unknown quantities, it 
might happen that certain relations between the known quantities might render 
the problem indeterminate. Thus, from the theorem just discovered, it might 
seem that a knowledge of the edges alone would be enough for determining the 
polyhedron ; yet there are cases in which this knowledge of itself is not sufficient- 
If, for example, any prism not triangular were given, an infinite number of other 
prisms might be formed having edges equal and placed in the same manner. 
For, whenever the base has more than three sides, the angles may be changed 
though the same sides are retained, and thus the base may have an infinite 
number of difierent forms ; also the position of the prism's longitudinal edge 
with regard to the plane of the base may be changed; finally, these two 
changes may be combined with each other ; and, from every new arrangement^ 
a new prism will result still having its edges or sides unchanged. From all 
which, it is clear, that in this case the edges alone are not enough for deter> 
mining the solid. 

** The data which it is proper to select for determining a solid, are those 
which have no indeterminateness, and give absolutely only one solution. And 




first, the base ABCDE will be determined by this among other modes ; by 
knowing the side AB with the adjacent angles BAG, ABC for the point C ; 
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OB = 6, OC = c, meeting in O ; from C draw CD perpen- 
dicular to the plane AOB, and join OD. With centre O 




B 



and rad = 1^ let a spherical surface be described cutting OA, 
OD, OC, in the points a, 6, c, which are supposed to be 



the angles BAD, ABD for the point D ; and so for all the rest Next, let M 
be a point without the base whose position it is required to determine : this 
point will be determined, if, imagining the pyramid M ABC or simply the plane 
MAB, we know the angles M AB, ABM, and the inclination of the plane MAB 
to the base ABC. If by means of three analogous data, the position of each 
vertex lying without the base of the polyhedron is determined, the polyhedron, 
it is evident, will be absolutely determined, and so that two polyhedrons con- 
structed with the same data must of necessity be equal; or symmetrically 
equal, if constructed on different sides of the plane of the base. 

" It is not always required to have three data for determining each vertex of 
a polyhedron ; for if the point M must be found in a plane already determined, 
whose intersection with the base is FG, it will be sufficient, after having assumed 
FG at will, if we know the angles MGF, MFG ; and thus one datum less will 
be enough. If the point M must be found in two planes already determined, or 
in their common intersection M K, which meets ABC in K, we shaU in this 
case already know the side AK, the angle A KM, and the inclination of the 
plane AKM to the base ; hence it will be enough to have for a new datum 
the angle MAK. By such means, the number of data necessary for determin- 
ing a polyhedron absolutely and without any ambiguity will always be reduced 
to £, the number of its edges. 

" The side AB and a number E — 1 of given angles determine a polyhedron; 
another side assumed^at pleasure and the same angles determined a similar 
polyhedron. Hence it follows that tJie number of conditions necessary for deter- 
mining the similarity of two polyhedrons belonging to the same species is equal to the 
number of edges minus one. 

. '* The question Wje have just resolved would be much simpler, if, instead o& 
knowing the species of the polyhedron, we knew only S the number of its solid 
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connected by arcs of great circles so as to form a spherical 
triangle having the an^e abc equal to a right angle^ because 
the plane COD is perpendicular to the plane AOB : 

then^ sin be = sin ac. sin bac, by Napier's rules ; 
or^ sin COD = sin AOC. sin bac y 

lettheangleAOB=A, AOC=B,BOC=C,andS= ^^g ^^ ; 

hence,sinCOD= sinB . J^ . . y/ |8inS.{S- A).siii(S-B).8in(S-C)f , 

sin D« sin A. 

/. CD = <?. sin COD, 

and p = 1— jr- >/ 1 sin S. sin (S— A), sin (S— B). sin (S— C)J . 



197. Prop. T%e whole surfajce of the parcdlelopiped 
= 2 fab. sin A + ac. sin B -f be. sin C). 

For twice the area of the triangle AOB = a 6 sin A, hence 
2 ai sin A == surface of two parallel sides or faces ; and the 
same being true for the remaining faces in terms of their edges 
and the included an^es, it follows that the whole sur&ce 
= 2 (a 6. sin A+ac. sin B + 6 c, sin C). 



^^»-^^» MifclM^ 



anglet. In that ease, determine three vertices at pleasure by means of a 
triangle in which are three data ; this triangle will be regarded as the base 
of the solid ; then the number of vertices out of this base will be S — 3 ; and 
since the determination of each of them requires three data, the total number 

of data necessary for determining the polyhedron will evidenitly be 3+3 (S — 8), 
or 38— 6. 

" Hence 3 S — 7 conditions will be necessary for determining the similarity 
of two polygons having the same cumber S of solid angles." 

H R 
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198. Prop. The content of the parallelopiped 

z= 2 abc \/ \sin S. sin (S— A), sin (S— B). sin (S— C)|. 

For the content 

= area of base x /?, 

= OA. OB. sin AOB x //, 

2c . . 

= aft. sin A X -s— r^^ |sinS. sin(S— A).sin(S— B).sin(S— C)f , 

= 2abc ^ Jsin S. sin (S-A). sin (S-B). sin (S-C)f . 

199. Prop. The diagonal of the parallelopiped, or 
D= v'(«*+*'4-c*+2a6. cos A-\^2 ac, cos B-i-26c. cos C). 

Let d = 20D be the diagonal of the face which 
= 2 AOB ; then 
rf2 = a2 _|. ^ _|. 2ab. cos A : 

and^ similarly^ 

D« = rfa+c24-2 cd. cos COD, 

= a^-|-6Hc*+2a6. cos A+2crf. cos COD ; 
now, 
cosCOD= cos be = cos ab. cos ac-f sin ab. sin ac. cos bac, 

ry I ' -n ' , /COSC— COSA. COsB\ 

= COS Jt>. COS ao 4- sin iS. sm ao. I 1 — r — -, — =5 — J, 

\ sm A. sin B / 

= -! — r(sin A. cosB. cos ab 4- cos C. sin ab— cos A. cosB. sin aA\ 
sinA^ ^' 

1 
= - . A I COS C. sin aft -I- cos B. sin (AOB — aOft) ^, 

= -. — T- (cos C. sin AOD -\- cos B. sin BOD) : 

sin A "^ 

but, in the triangles, the sides of which are a, rf, and ft, rf, 

a ^ sin BOD ^ - = ^^^ ^^^ 

d sin A ' d sin A ' 
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hence, cos COD = ^. cos B + ^. cos C, 
.-. D =-v/(a*+6*+c*4.2a6.co8A+2ac. co8B+26c. cosC). 

200. CoR. From this value of D, it is easily shown, by 
changing the signs of cos A, cos B, cos C, properly for the 
other three diagonals, that the sum of the squares of the four 
diagonals of every parallelepiped = 4 a* + 4 6^ -f 4 c'. 



201. Prop. If a, b, c, be the edges of a triangular 
pyramid which meet in a point, and A, B, C, be the angles 
between the edges ; then the content 

= i abc \/\sin S. sin (S-A). sin (S-B). sin (S-C)^ 

Let AOB be the base of the pyramid, and let its perpen- 
dicular altitude be found, as in (art. 196.), then, since 
AOB = i ab. sin A 

2c 
andi? = -^X'^ ^^^"^* ®^" C^-^)- ^^'^ (S-B). sin (S-C)| ; 

the content of the pyramid, which 

= i AOB X i? =-3- / JsinS.sin(S- A).sin(S-B).8in(S- C)J • 

Or, since the pyramid = ^ of prism, (Euc. XII. 7 ), it == ^ of 
the parallelopiped described with the same edges. 

202. The surface of the three sides, of which the edges 
are given = J (oA. sin A + ac. sin B + be. sin C). 

203. Prop. If e, f, g, denote the remaining edges of the 
pyramid opposite to the angles A, B, C ; its content 

= TTV^(4a^62c2-aaL2-.62K2_c2H«+HKL), 
where H = a'^ 4- 6* — c^ 

K = a* + c2 -/2, 

L = 62 _|_ ^2 __ g.2^ 
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For, by attending to the last figure^ 

cos A = o— r, cos B = -= — , cos C = ^ . ; 
2ao 2ac 2 be 

and the content has been ibraid 

=^ V Isin S. sin (S-A). sin (S-B). sin (S-C) J, 

= ^^ |1 — (cosA)«— (cosB)«— (cosC)«+2co8A.cosB.cosC|:, 

-?*P / f T / H V / K \V / L Y HKL \ 
"■ 6 V l^ V2a6y \.2ac/ V2 6^7 "^ (2 oAc)? J ' 

The nuCi of the spheres described in, and circumscribed 
about a pyramid, may be expressed in terms of the abo^re data; 
bat it is scarcely necessary to discuss these two problems in this 
phu^ : it will be sufficient to refer the student to Legendre's 
Greom. and Trigon., note 5, prob. 7. and 8. 



APPENDIX. 



ON LOGARITHMS 



I. In the solution of trigonometrical problems, the common 
rules of arithmetic are adequate to almost every case. But 
the arithmetic operations would be c^en so laborious, as to be 
only just within the limits of human industry. In the infancy 
of mathematics, this diiBculty would not hate been so severely 
felt ; but, when scientific men began io turn their attention to 
subjects of natural philosophy, they found their progress 
impeded by the tedious calculations which were absolutely 
necessary to be performed. Under this embarrassment, they 
naturally turned their thoughts to the invention of some means 
of evading the difficulty. After several essays, John Napier, 
a Scotch Baron, hit upon the method of Logarithms. His 
invention received a most important improvement from Henry 
Briggs, a Fellow of St. John's College, Cambridge, and 
Professor of Geometry in the University of Oxford. To 
explain the nature of these Logarithms, and how to calculate 
them, is the object of this treatise. The introductions to the 
tables will afford the student rules for using them and example^ 
of their utility. 
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2. Def. ^ u = a^, X i* called the logarithm ofxxto the 
base a, and is thus denotedy log^ u* 

3. By assuming different values of the base^ there will be 
as many different systems of logarithms. No systems^ how- 
ever, are used, except the Napierien and Briggean. The 
base of the former is 

l+Y + j^+l^ + ...= 2.7182818 

and is always called e; that of the latter is 10. The Brig- 
gean, from their nature, are often called decimal; and tabular , 
because they are used in arithmetic operations, and therefore 
inserted in the tables. They are of such frequent use, that 
they are denoted simply by log, instead of log,^. 

4. Prop. In every system the logarithm of the base is 
unity. 

For, tt = a *^" (2.) 

,'. a =: a 
.-. log« = 1. 

5. Prop. In every system the logarithm of unity is zero. 

For, 1 =- = a*-' = a«, 
a 

.•. log. 1 = 0. 

6. CoR. The logarithm js positive, or negative, according 
as the number is greater or less than unity. 



* Mathematicians are indebted for this notation to Mr. Jarrett, of Catherine 
Hall) Cambridge. 
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7. Prop. In every system the logarithm of zero is an 
infinitely great quantity, negative, or positive, according as 
the base is greater or less than unity. 

For, 0= ;^ = -4r, (if « > 1), 

QO a 

.'. loga = — . 00 . 
If a < 1, 

= a*. 



8. Prop. 

^ga(««l.Wa-S-^t»)=%a««l+ loga U^-\- log^U^-\- ,. , ^log^U^. 

For, by the definition of a logarithm, 

u^ = a \ 

lost u 

3 9 

• • • — — • • • * 

••• l0g^(w,.t/2.W3....W;) =l0gaW,4-l0gaM2 + l0g,W3+..+l0g«W„. 



9. Prop. Log^ ^^- = log^ u^ — foga w^ 

^2 



.^ loff tt. 

For, u^z=a '^ \ 
u^= a " ^ , 
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•'• l^g. J = log.ttj - log. % 



s 



10. Prop. Log^(u») = — /off<, tt. 

For, tt = a " , 



2 log^ « 



a 



/. tt n r= an " , 
.-. loga U^ = -- loga U. 

7f> 



1 1. Prob. To explain the particular advantages of the 
decimal logarithms. 

In this system, the logarithm of 10 is miity. Hence, the 
logarithms of nmnbers between 10 and are fractions less 
than unity. These are placed in the tables. And, since 
log 10* M=log 10* + log M = wi + log M,*the logarithms of 
all other numbers may be found by the addition or subtraction 
of the quantity m, which is called the characteristic. For 
examjde, the tables give 

log 1.6681 = .2222221, 
.-. log 16681 = 4.2222221, 

log 1668.1 = 3.2222221, 

log 166.81 = 2.2222221, 

log 16.681 = 1.2222221, 

log 1.6681 = .2222221, 

log .16681 = T.2222221, 

log.016681= 2.2222221, 
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This would not be the case if any other number were the 
base^ for then the logarithm of 10" would not be m. ITie 
finding other logarithms of numbers would thus become a 
laborious operation^ unless the tables were increased in size^ 
by infiertiog the separate logarithms. And for the inverse 
operation of finding the number from the logarithm this in- 
crease would evidently become absolutely necessary. It is, 
therefore, chiefly for the latter reason that Briggs* alteration of 
the base from e to 10 is so great an improvement. 

12. Prob. 

Lo^ U-- (^~l)~i(^-ly^4-i(«~l)^-.... 
^*^^ ^ - (a^l)-^(a-l)Hi(a-l)^-....' 

For, let log a u =z x, 
.'. u = a', 

. tty— 1 a'^y^-^i 

y y 

. |l + (t^-lH ^-l ^ l4-(«-l)r^-l 

y y 

Therefore, by the binomial theorem. 

This will obtain whatever be the value of y. Let y = 0, 

therefore, by division, 

1 _ (i ^^lj— ^(2^^1)^+i(^~l)^- . . . 

loga « - ^ - (^_i)_^(«_i)2^.(«_i)3_ . . ; 

13. Cor. 1. In the JVapierien logarithms, the base, which 
is always called 6, is assumed of such a value, that 

(e-l)-i (e-l)«-i-i(e-l)3- . . . = 1, 

/. log, u = (u-\)-\ {w-l)Hi (u-\f- ... 

s s 
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14. Cor. 2. Log^ «£m==— log^ m, 

1 

/. lege M = W lege (W"»), 

= (t^i _ 1) _ ^ (Ji — 1)* + T (w^- 1)^— - 

15. Cor. 3. Log, (1 + w) = ?/ — i M*+i m^— . . . 

16. Cor. 4. Log, a= (a-1) -i(a-l)2+i(a-l)^- .. 

log« w 



.-. loga U = 



lege a 



The quantity ^j by which the JVdpierien logarithm is mul- 

tiplied to obtain the logarithm to the base a, is called the mo- 
dulus of that system. Hence the modulus of the decimal lo- 
garithms is -.j Y(\f ^^^ ^^ always called M. 

17. Prop, a' = 1 + p- + - i 2 3 + . • • 

Let a' = 1 + Aa? 4- B;r» + Cx^ + . . . . 
The first term is assumed unity, because that is the value 
of a* when x is zero. 

.-. ay = 1 + Aya + By2 + CyV+ . • • • 

/. (ay)v=: ^1 + y (A + By+ Cy^ + • . •) !^ 
a*= 1 + ^ (A + By -I- Cy^ + . . .) 



• • 



^^.(^T-yM^y ) (A + By + Cj,«+ ..)3, 

I '" • • • • 
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And this must obtain whatever be the value of y. Let 
y = 0. 

.\ a'= 1 -f Aa?+ -_.^-__^-f ... 

But^ by the binomial theorem, 
a-= |l + (a-l)|^ 

= 1 +2:(a-l)+2L^^^a-l)«+... 

= \ +x |(a-l)-i(a-l)*^ + i(a-l)3-..^ 
+ terms involving a?*, a:^, &c. 
/. A = (a-l) - i (a-l)a + ^(a-l)3_ . . . 
= loge a, (13.) 

. «:r_ 1 . a:, log, a x^ (loge g)» , x^ (log. a)^ . 
. . a - 1 -h J + 1. 2 + " 1. 2. 3 + • •• 

18. CoR. 1. By substituting e for a, 

^ ^ "•■ T+r^"*"!. 2. 3 + • • • 

19. Cor. 2. By making a; = 1^ 

,1 J_ 1 

* ~ ''" 1"^ 1. 2 ■•" 1. 2. 3 + • • • • 

= 2.7182818. . . . 

20. Prop. ^«^ }±S = 2M {m + ^+^ + . . . }. 

For, by articles 12 and 16, 
log(l+«,) = M{ «_^ + ^_...}, 

.Mog(l-«.) = M{-«»-^_^_...j. 
Therefore, by subtraction, (9.) 



■^ '^s* « jt* 
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21. Cor. 1. By makms ^ — = -,m= , 

.-.l,^.-log.= 2M{(^)^l(^)V..} 

22. Coft. 2. By making i±^ =!+-,», = „-Ji— 

° T— «» V 2« 4- »• 



23. Cor. 3. 
Uy making ~ — 



l—m u^—v^ (tt + r). (w— t?) '' 

.'. log (w4-«^) = 2 log w — log (w— i?)^ 



24. Cor. 4. 



By making ,L±^ = (jiZlfJI^lJii) 



w3— 3 1^ r«-h2»3 



log (tt+2 t;) = 2 log (u-\-v) 4- log (w— 2 z;) — 2 log (w— r). 



25. Cor. 5. 



By making p^ = ^__^__^___Z^, 



. I 



n 
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" w«-98 «* 4- 2401 t<«- 14400' 

log (w + 8) = 2 log (m + 7) - log (w+5) - log («-h3>, 

4- 2 log w -- log (w-~3) — log (f/— 5), 

+ 2log(w-7) - log(i/-8), 

_ ^^ r 7200 1 

lw«~98 M* + 240l w^-7200 + ••/• 



26. Prob. 7b calculate the arithmetic value of the modu- 
lus of the decimal logarAthms, 

By article 14, 

log* W = m |(m « - 1) — i (Mm — 1)2 + -^ {Um— 1)3«.. . .J 

Now, since w « = w® = 1, therefore, whatever be the 

value of M, um may be made to approach to unity, to any 

degree of proximity, by taking m of sufficient magnitude ; um 
being greater or less than unity, according as t^ is greater or 

less than unity. Let w = 10, and m = 2*^. Then um will 
be obtained by extracting the square root of 10 fifty-four 

times, and the result will be found to exceed unity by a decimal 

1 i. 

with fifteen cyphers after the decimal point. And ^ (w» — 1)* 

will be found to have thirty-one, and q-C^*" -^1)^ fifteen cy- 

phers after the decimal point; therefore, m (w»»—l) will give 

logij 10, and therefore, ? to, accurately, to fifteen decimal 

places. 
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27. Prop. To construct a table of the logarithms of 
numbers. 

The Mipierien logarithms of all prime numbers must be 
calculated by the series in articles 21 ... . 25. All other 
numbers must be separated into their prime factors^ and their 
logarithms must be added together. The JVapierien logarithms 
having been founds they must be multiplied by the modulus 

1 TFi, and the decimal logarithms will be obtained. The 

log« ICr 

following examples will serve as illustrations. 

In 21, let w = 2, and t? = 1 ; 

.-. log 2 = 2 M {g + g. 33 + g- -g5 +...}• 

Let u =z 3, and v = 1 ; 

1 o 1., fl 11.11 1 

/. log 3 = M I4 + 3 43 + 5 45 + • • • /' 

log 4 = log (2^) = 2 log 2, 

log 5 = log -5- = log 10 — log 2 = 1 — log 2, 

log 6 = log 2 + log 3. 

In art. 24, let w = 5, and r = 1 ; 
/. log 7 = 2 log 6 + log 3 - 2 log 4, 

+ 2M{3Q -f 3. -ggr + 5 305 +•••}' 

log 8 = 3 log 2, 
log 9 = 2 log 3, 
log 10= 1. 

In art. 24, let w = 9, and z? = 1 ; 
logll=2 + log 7 - 2 log 8, 

+ 2M{25^ + 3. 2443 + 5- 24^ + ••} 



u r 
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28. Prob. To find the logarithm of a nvmber consisting 
of seven digits^ 

Let V = the given number, 

u = the number consisting of the first five digits, 
h = the sixth, and k = the seventh digit, 
/. f? = 100 w 4- 10 A 4- *, 

1 1 inn 1 IOOm-IOA + A 
log t? - log 100 M = log jQg^^ 

Similarly, 

log(w+l) -logw = M {--2l^ + . . .}• 
Now, since m is a number of five digits, its least value is 
lOOOO, and therefore the greatest value of u is .^^^^ , and 

the greatest value of -|L=:|^^^ ^ .00000000 34... 

M . . . . h k 

o 2 will have no significant value, and since -17:+ -ykft 

1 J Q— 2" \Tc\'^ Tfin"} ^^^ ^^ ^^ omitted without aflfecting 

the accuracy of the result to seven places of decimals. And 
a portion of the remaining terms in the two series may be 
neglected, therefore 

iogt,-iogiooi. = ^(A+-A.j, 

log (m 4-1)- log tt = ~, 



> 
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• tog ^— log 100 U _ A k 

' * log{t/H-l)--logw -" To"*" TOOT' 

.-. log V = 2 +. log w + (yo+ Too") ^iog{«*+i)-iog^. 

29. Cor. 1. In the small variations of any number^ the in- 
crements of the logarithm are proportional to the increments 
of the number. 

Ex. To find log 4352164. 

Here u = 43521, A = 6, and * = 4. 
Log(M-f 1) = 4. 6387088, 
log w = 4. 6386989, 
.•.log(M + l)— logw= .0000099, 

= D, suppose. 
. D 



10 
D 



= .00000594, 



= .000000396, 



100 

.\ log r =6. 6387052 36, 
=6. 6387052, 
by rejecting the decimals after the seventh place. 

30. CoR. 2. The labor of multiplication in every case is 
obviated by the construction of small tables, called pro^ior^eona/ 
partSf for all values D, h and A*. But separate tables for h 
and k are unnecessary, since the only difierence between them 
is, that the latter are one step farther in the decimal places. 
The following example will serve as an illustration. 

Ex, To construct a table of parts proportional for all values 
of A when D = .0000099. 

.-. ~ = .00000099, 
2 ^ = .00000198, 



1 
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D 



3 g = .00000297, 

4 B = .00000396, 

5 J^ = .00000495, 

€ S = .00000594, 
10 

7 ^ = .00000693, 

8 ^ = .00000792, 

9 ? = .00000891. 

Or, by omitting the cyphers, and taking the nearest value 

D 

of A i-t: to seven deciioal places, 

D = 99, 



1 . . . 10 1 



2 
3 

4 
A= «{ 5 

■ 

6 
7 
8 
9 



20 
30 
40 
50 
59 
69 
79 
89 



10 



To find log 4352164, 

log 4352100 = 6. 6386989, 
increments of -. 60 = 59, 

logarithm for J 4 = 4, 

/. log 4352164 = 6. 6387052, 



T T 
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31. Pros. A logarithm being given, which is not to be 
found exactly in the table, to find the correspoTiding number. 

This may be done, by taking the number corresponding to 
the logarithm next inferior to the given logarithm, and calcu- 
lating for the difference of the two logarithms by the table of 
proportional parts which gives the increment of the number 
corresponding to the increment of the logarithm. An ex- 
ample will illustrate the rule. 

Ex. To find the number corresponding to the logarithm 
4.6387054. 

4. 6387054 
log 43521 = 4. 6386989 



65 
59 



60 
59 



1 
Therefore, the number is 43521. 66. 

32. The problem may be solved without the proportional 
parts, thus. 

Let V = the number whose logarithm is given, 

u = the number whose logarithm is next inferior to 
log V. 

Therefore, by art. 29. 

log V — log u V — u 

log(w + l)— logi/"" 1 ' 
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.-. v = u4- log ^" log « 

\og(U-{- 1) — logM 



Thus, in the preceding example, 

i; = 43521 +g, 
= 43521. 66. 



33. Prob. To explain the tables of logarithmic trigono- 
metric functions. 

Since many trigonometrical functions of angles are less than 
unity, their logarithms will be negative, whilst those greater 
than unity will have positive logarithms. Now, although the 
logarithm of zero is — oo , yet the logarithm of the smallest 
trigonometric function of an angle, which ever comes to use, ex- 
ceeds — 10. On this account 10 is added to all these loga- 
rithms to make them positive. This alteration transforms log^A 
into 10 + log/A = log 10»«+log/A = log 10^«./A = log 
of the trigonometric function of an arc of which the radius is 
10^*^. Hence a formula to be adapted to the tables must have 
all the trigonometric functions of angles changed into the cor- 
responding functions of arcs to radius 10'®. Thus, for ex- 
ample, when a is small 

sin a == a (cos a)''^. 

When adapted to the tables, becomes 

sin a /cosaXy 

To^ ■" "• \10^) * 

Log sin a — 10 = log a + 7 (log cos a — 10), 
or, if the arc a be reduced to seconds, 

log sin A - 10 = log g^QQo + t (log cos A — 10). 
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a 

The arc a was not reduced to radius 10^^^ because the 
change extends only to the trigonometric functions^ and not to 
the arcs themselves. 



34. Prob. To find the logarithmic sine^ and cosines of 
angles. 



m TT 



By making a =: -- ^^ (in art. 169.pt. I.) since sin a=:sin A, 

•^«^=?('-^)('-^.)('-A)- 

.'. log sm — 9(y = log -^^ o, 1 — + 10 

^ n 2^ n^ 



. . • 



+ lo6(i-;^) + log(l-^) + 

= Iog "'(2«»+«)j2m-«)> ^ ^^ 

"^ «* 142 + 62 + 8* "^ • ' ' J ' 
"*" 2" 71* 14*"*" 6*"*" 8* +•••)> 

^ 3'^i4«'^e6"'*"8^ + ...;• 

+ 

Log n — HF^J *® "^* expanded, except when — is very 

small, because the powers of ^ are not sufficiently convergent 
to make only a few terms of the series necessary. 



35. CoR. 1. Similarly, 
log cos -- 90* = log '^ ^-^ - + 10, 
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+ m{^ + -^ + Y* +•••}' 

M f 1 . I j^ 1 . \ 
+ 2 \3i + 5^ + Tf + •••/' 

M r 1 . 1 . 1 . ) 



+ 



36. Cor. 2. The formuls in articles 288, 293, afford for- 
mulae of reriflcation, by giving different values of m, 

37. Cor. 5- This method is too laborious to be appUed to 
every degree. But 

log sin (A+B) — log sin A = log ^ " . Ij" \ 

^ 9TU // ^ginCA+Bj-sioA x , ^ /sin(A 4-B)— sinA \3 ^ i 
~ lUnCA+By+sinA;-^ *(sin(A+B) -hsinAJ +-/• 

Hence^ if a table of natural sines be giv^i^ the logarithmic 
table may be then filled up for every degree. 

The operation for minutes &c. may be rendered much more 
easy by differences, if w = log sin a, log sin (a +71 /3), 

nCn-—!)^,. n.Cn—l). (n—2) .^ 
= w 4- « ^w + J 2 - ^^'^ + - ^ ^ ^ 3 ^^ w+ . . . 

Now, to find Aw, ^ u, &c., the theorem of finite difierences 
gives 

^"^■" l.2.3..n da''' ^ "^ 1.2.3...(w+l)' ^^Z^i-'^" +- 

A". 0" A". 0"+^ 

A table of f-5-Q 1 a ' ^ — r-i-^, &c. 

1. 2.3....W 1.2 (w + 1) 

must be calculated, and it will serve for all values of /3. 
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Also, since u == log sin a, 

— i = M cot a. 

da * 

j^=-M|l+(cota)«?, 
^ = M |cota + (cota)3^. 



It is only necessary to remark, Au, t^ u, &c. must be cal- 
culated to more decimal places, according to the order of 
di&rences, on account of the varying value of the coefficient. 
Thus, if 

» = 30, 
n. («— I) _ 30. 29 



1. 2 1.2 



= 435, 



>i.(n-l).(«-2) _ 30. 29. 28 _ 
"""^ 17275 1.2.S - *"^' 

therefore^ A u must be calculated to 2, b? u to 3^ and A^ u 

to 4 more decimal places than u. It is evident that this 

method applies equally to natural sines^ cosines^ &c. 

38. Prop. Log sin A" = /o^ A — f (10— log, cos A) 
+ 4.6855749, when A is small. 

a3 . a* 



For sin a = a — - , — = — ^+ 



I. 1. 3^ 1. 2. 3. 4. 5 



a3 



= a ^ when a is small. 



= -('-t)*- 

1 

= a., (cos ap. 
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•■• ^" = 180x60x60 ' ^- ("^^ ^)^^ 
.-. log sin A''— 10 = -f log 648000, 

+ log A + I (log cos A— 10), 
/. log sin A" = 10.4971499-5.8115750, 

+ log A — i (10 - log cos A), 

= 4.6855749+log A— ^ (10— log cos A). 

39. Prop. 

Log tan A = 4.6855749 -|- fog A + | (10— fog cos A). 

COS a COS a cos a 



« 

= a (cos a)"^. 



••^^- 648000 ^'(^Q^A) 

.-. log tan A"-10 = 6.6855749+log A+f (10-log cos A), 
.-, log tan A''= 4.6855749 + log A^ 

-f f (10— log cos A^). 



40. CoR. Log cot A!'= 20 — log tan A", 

= 15.3144251 -log A", 

(10-log cos A"). 



9 

-T 



41. Prop. Log A" = log sin A" -f ^ (10— fog cos A) 

+ 5.3144251 — 10, when A is small. 



gj3 



Sin a = a ^, nearly. 
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/. a = sin a 4- 



a^ 



= sin a 4- 



= sin a -f 



(sina + ^) 

6 ■' 

(sin a)^ 



/- (sin a)^ 
= sm af 1 + > 5 / 

= sin a (1— sin a^) ^, 
= sin a (cos a)^, 



.-.- A = 



648000 






:. log A = 5.3144251 - 10 + log sin A, 
+ I (10— log cos A). 

42. Log A* = 5.3144251 - 10 

+ log tan A''— I (10— log cos A''). 

By art. 272. pt. I. 

. (tan ay I 

a = tan a — ^ — 5—^ nearly, 

. = tan a. |1 + (tan a)2f ""*, 
= tan a. (cos ap. 



648000 



% 



•'•^^= 3J4I^6*^"^-^^^^)''^ 
:. log A =5. 3144251—10 + log tan A. 
4. I (10— log cos A). 



43. Examples are given with the rules in the introductions 

% 

to the tables of logarithms^ and since every student will find it 



♦V 
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necessary to make use of the tables^ it would be superfluous to 
give many examples in a book like this. One example, there- 
fore, only will be given, which will illustrate article 319, 
part 1. 

44; Prob. To solve the cubic equation 
. x^ - 3.0301 X -f 2.0301 = 0, 
by aid of trigonometry, 

Now,logsin3A =logr-log2~*(log7-log3) + 10. (317.) 

Here q = 3.0301, 
r = 2.0301, 
/. log q = .4814570, 
log 3 = .4771213, 
.-. log J — log 3 = .0043357, 

.-. f (log ?— log 3) = .0065036, 

log r = .3075174, 

log 2 = .3010300, 

/. log r - log 2 = .0064874, 

and i (log?— log 3) = .0065036, 

/. difference = T.9999838, 

.-. log sin 3 A = 9.9999838, 

.-. 3 A = 89" 30^ 18", by Sherwin's Tables, 
.-. A = 29^ 50^ 6". 

Again, logar =. log2+logsin A— 10+|(loggr— log3). (317.) 

log sin A = 9.6967965, 

log 2 = .3010300, 

i (log q - log 3) = .0021679, 

.-. log X = T.9999944, 

.-. X = .9999870. 



u u 



♦ 



J 
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But, by inspection, it is evident that unity ib a root of Ae 
proposed cubic ; and, by dividiBg by x-^ I, the fenainii^ roots 
are contained in the quadratic 

jp» + a: — 2.0301 = 0, 
and therefore are 1.01 and ^2.01. Therefore, the result given 
by trigonometry is wrong by .0000130. This arises from the 
circumstance that the ratio of two of the roots, 1 and I.Ot, is 
neariy a ratio of equality, and therefore the angle 3 A is nearly 
a right angle, and consequently not fowid accuratety from 
the sine. If there had been a greater proximity between the 
roots, the «rror would have been greater. 

By articles 78 imd 136 of part I. the angle may be found to 
sufficioit exactness from the table of logarithmic tangents. 



■^ -^ 



TRE END. 
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ERRATA. 






Page 
2 


line 
12 




for 
AT 
A'F 


16 


25 




42 


28 


2 




' decimal 


37 


9 




1 
tan « 


46 


18&22 




3 
2 


60 


4 





2 


68 


24 




(gin «)*» 


89 


3, 5, 10 


+ 


4;~1;- 
n 


136 


4» 6, 12 


2> 9-4 

ir2,3ir»; ; "^^ 
«-« 96 


138 


2 


multiply 


the senes by 


160 


9 




X« 


173 


12 & 13 




27»; 62» 


266 


1 &3 




A 


277 


6 




cos a 


319 


16 & 18 


7 1 ; a portion of 


90/; 


1 o o 


* 
*m w 


M M . 



^^ »' ^ »• "ir» theorem M — 



read 
AT 
AT' 
44 

sexagesimal 

— tan « 

B 
2 
B 
2 
(cos «)*• 

24 ir4 
* ' flr4 ' 384 



xa 

22®; 67» 

a 

cos <f 

2L 1 ; « fortiori 

M «r4 M m& , 



N.B.— P. 47, omit the first line. 
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